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UNIT -1

1.1. THE DEFINITION AND SOME EXAMPLES
We begin by restating the definition of a Banach space.

A normed linear space is a linear space N in which to each vector x there corresponds a

real number, denoted by ||x|| and called the norm of x, in such a manner that

(1) llxll > 0,and [Ix]l = 0 & x = 0;
@) llx + Il < llxll + [lyll;
Q) llax]l = lelllxIl,

The non-negative real number ||x|| is to be thought of as the length of the vector x. If we
regard |[x|| as a real function defined on N, this function is called the norm on N. It is easy to
verify that the normed linear space N is a metric space with respect to the metric d defined by
d(x,y) = |lx — y|l. A Banach space is a complete normed linear space. Our main interest in this
chapter is in Banach spaces, but there are several points in the body of the theory at which it is
convenient to have the basic definitions and some of the simpler facts formulated in terms of
normed linear spaces. For this reason, and also to emphasize the role of completeness in
theorems which require this assumption, we work in the more general context whenever
possible. The reader will find that the deeper theorems, in which completeness hypotheses are

necessary, often make essential use of Baire’s theorem.

Several simple but important facts about a normed linear space are based on the

following inequality:

Hxll = Ny llT < flx = i (1)

To prove this, it suffices to prove that

llxll = llyll < llx =yl )

for it follows from (2) that we also have
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=l =1yl = lyll = llxll < lly = x|l = [[=Cc =2l = llx = yll,

which together with (2) yields (1). We now prove (2) by observing that ||x| =
l(x = y) + vl < llx =yl + llyll. The main conclusion we draw from (1) is that the norm is a

continuous function:
Xn = x 2 |lxg |l = [lx]l.

This is clear from the fact that|||x,. || — [Ix]|| < |lx, — x]||, since x,, » x means that||x,, —
x| - 0. In the same vein, we can prove that addition and scalar multiplication are jointly

continuous (see Problem 22-5), for
Xpoxandy, >y =>x,+y, > x+y
a, »aand x, - x = a,x, = ax
These assertions follow from
ICen + y) — G+ D = G — ) + = W < g — xl + lly, —
and
lanx, — axll = lla, (e — %) + (an — Oxll < laglllx, — x|l + [an — alllxl.

Our first theorem exhibits one of the most useful ways of forming new normed linear

spaces out of old ones.

Theorem 1.1 : Let M be a closed linear subspace of a normed linear space N. If the norm of a

coset x + M in the quotient space % is defined by

llx + M|| = inf{||x + m||: m € M}, (3)

then % is a normed linear space. Further, if N is a Banach space, then so is %
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Proof.

We first verify that (3) defines a norm in the required sense. It is obvious that ||x + M|| >

0; and since M is closed, it is easy to see that ||x + M|| = 0 < there exists a sequence {m;} in M

such that ||x + my|| » 0 © xisihnM & x + M = M = the zero element of%. Next, we have

G+ M)+ (v + Ml = [I(x + y) + M|

= inf{|lx + y + m||:m € M}
=inf{llx + y + m+ m’'|:m &n' € M}

= inf{||(x + m) + (y + m")||:m &n’ € M}

< inf{|lx + m|| + [ly + m'||: m &m' € M}

= inf{||x + m|: m € M} + inf{|ly + m'||: m' € M}
= llx + M|l + lly + M|l.

The proof of ||a(x + M)|| = |a||lx + M]| is similar.

Finally, we assume that N is complete, and we show that % is also complete. If we start

with a Cauchy sequence in % then by Problem 12-2 it suffices to show that this sequence has a

convergent su b- sequence.

It is clearly possible to find a subsequence {x,, + M} of the original Cauchy sequence

such that [|(xy + M) — (z + M)I| <5, 1Ge, + M) = (Gxs + M)l <<, and, in general, || (x,, +

M) = gy + M < 57

We prove that this sequence is convergent in % We begin by choosing any vector y,

inx; + M, and we select y, inx, + M such that|ly; — y,|| < %
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We next select a vector y; in x5 + M such that ||y, — ysl| < i Continuing in this way,

we obtain a sequence {y, } in N such that ||y, — Y41l < zin If'm < n, then

“ym - yn” = “(ym - Ym+1) + (Ym+1 + .Vm+2) + -t (yn—l - yn)”

< “ym - Ym+1” + ||Ym+1 + Ym+2” + et ”yn—l - yn”

11 1
<omYTomat ot onm
1
<2m—1

so {y,} is a Cauchy sequence in N. Since N is complete, there exists a vector y in N such
that y, — y. It now follows from |[(x, + M) — (y + M)|| < ||ly,, — v|| thatx,, + M - y + M,s0

N .
— is complete.
M

In the following sections and chapters, we shall often have occasion to consider the
quotient space of a normed linear space with respect to a closed linear subspace. In accordance
with our theorem, a quotient space of this kind can always be regarded as a normed linear space

in its own right.

We now describe some of the main examples of Banach spaces. In each of these, the
linear operations are understood to be defined either coordinatewise or pointwise, whichever is

appropriate in the circumstances.

Example 1. The spaces R and C—the real numbers and the complex numbers—are the simplest
of all normed linear spaces. The norm of a number x is of course defined by ||x|| = |x|, and each

space is a Banach space.

Example 2. The linear spaces R™ and C™ of all n-tuples x = (x, x5, ..., x,,)of real and complex
numbers can be made into normed linear spaces in an infinite variety of ways, as we shall see

below. If the norm is defined by
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il = (Zw) @

then we get the n-dimensional Euclidean and unitary spaces familiar to us from our
earlier work. We denoted these spaces by R™ and C™ in Part 1 of the text book, and we know by

the theorems of Sec. 15 that both are Banach spaces.

Each of the following examples consists of n-tuples of scalars, sequences of scalars, or
scalar-valued functions defined on some non- empty set, where the scalars are the real numbers
or the complex numbers. We do not normally specify which system of scalars is to be used, and
it should be emphasized that both possibilities are allowed unless the contrary is clearly stated.
Also, we make no distinction in notation between the real case and the complex case. When it
turns out to be necessary to distinguish these two cases, we do so verbally, by referring, for
instance, to ‘‘the complex space —.”” These conventions are in accord with the standard usage
preferred by most mathematicians, and they enable us to avoid a good deal of cumbersome

notation and many unnecessary case distinctions.

Example 3. Let p be a real number such thatl < p < oo. We denote by [} the space of all n-

tuples x = (x4, x5, ..., x,, )of scalars, with the norm defined by

1

lIxll, = (Zw) (5)

i=1

Formula (4) is obviously the special case of (5) which correspondsto p = 2, so the real
and complex spaces [} are the n-dimensional Euclidean and unitary spaces R™ and C™. It is easy
to see that (5) satisfies condi- tions (1) and (3) required by the definition of a norm. In Problem 4
we outline a proof of the fact that (5) also satisfies condition (2), that is, that [|lx + yll,, < ||lxIl,, +
llyll,. The completeness of I} follows from substantially the same reasoning as that used in the

proof of Theorem 15-A, so I} a Banach space.

Example 4. We again consider a real number p with the property thatl < p < oo, and we denote

by I, the space of all sequences
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X = (X1, X9, ey Xy o)

of scalars such that Y>> [x, [P < oo, with the norm defined by

lxll, = (me) (6)

The reader will observe that the real and complex spaces 12 are precisely the infinite-dimensional
Euclidean and unitary spaces R* and C* defined in Problem 15-4. The proof of the fact that 1,

actually is a Banach space requires arguments similar to those used in Problems 15-3 and 15-4.

The Banach spaces discussed in these examples are all special cases of the important L,
spaces studied in the theory of measure and integration. A detailed treatment of these spaces is
outside the scope of this book, but we can describe them loosely as follows. An L, space
essentially consists of all measurable functions f defined on a measure space X with measure m

which are such that |f(x)|? is integrable, with

IFll, = (S 1f GOPdmex) )7 ™

taken as the norm. In order to include the spaces I, and [,, within the theory of L,,
spaces, we have only to consider the sets {1,2,...,n} and {1,2,...,n,...} as measure spaces in
which each point has measure 1, and to regard n-tuples and sequences of scalars as functions
defined on these sets. Since integration is a generalized type of summation, formulas (5) and (6)

are special cases of formula (7).

Example 5. Just as in Example 3, we start with the linear space of all n-tuples x =

(x4, x5, ..., x,)oOf scalars, but this time we define the norm by

llx|l = max{[x,], |x,], ..., lxp [} (8)

This Banach space is commonly denoted byl , and the symbol||x||... is occasionally

used for the norm given by (8). The reason for this practice lies in the interesting fact that
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Ixlle = lim[lx|l, as p — oo

that is, that

1

n P
max{|x;|} = lim (leilp) as p— o 9)
=1

We briefly inspect the case n = 2 to see why thisistrue. Letx = (x4, x,) be an ordered

1
pair of real numbers with x; andx, = 0. It is clear that||x||,, = max{x;,x,} < (xf + xf)l’ =

1 1
llxIl,. 1fx; = x,, thenlim||x||,, = lim(ng)p = lim 27rx, = ||x||. And ifx; < x,, then

1
lim||x]|, = lim(xf + xg)”

1

([ ]

1
x1\P P
= lim [(—1> + 1]px2
X2

= [lxlle

Example 6. Consider the linear space of all bounded sequences x = {x;, x,,..,x,, ... Jof scalars.

By analogy with Example 5, we define the norm by

x|l = suplx| (10)

and we denote the resulting Banach space by [,. The set ¢ of all convergent sequences is
easily seen to be a closed linear subspace of [.,. and is therefore itself a Banach space. Another

Banach space in this family is the subset c, of ¢ which consists of all convergent sequences with
limit 0.
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Example 7. The Banach space of primary interest to us is the space C(X) of all bounded

continuous scalar-valued functions defined on a topological space X, with the norm given by

Il = suplf (x)] (11)

This norm is sometimes called the uniform norm, because the statement that f,,
converges to f with respect to this norm means that f,,, converges to f uniformly on X. The fact
that this space is complete amounts to the fact that if f is the uniform limit of a sequence of
bounded continuous functions, then f itself is bounded and continuous. If, as above, we consider
n-tuples and sequences as functions defined on {1, 2, ... ,n} and {1,2, ...,n,...}, then the spaces
[%and [, are the special cases of C(X) which correspond to choosing X to be the sets just

mentioned, each with the discrete topology.

Many important properties of a Banach space are closely linked to the shape of its closed
unit sphere, that is, the setS = {x: ||x|| < 1}. One basic property of S is that it is always conver,
in the sense (see Problem 32-5) that if x and y are any two vectors in S, then the vector z =

ax + By isalso in S, where a and f are non-negative real numbers such thata + § = 1; for
lzIl = llax + Byll
< allx|l + Bliyll
<a+p
=1

In this connection, it is illuminating to consider the shape of S for certainsimple

examples. Let our underlying linear space be the real linear
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Fig. 1 Some Closed Unit Spheres

space R? of all ordered pairs x = (x;, x,) of real numbers. As we have seen, there are

many different norms which can be defined on R?, among which are the following:

1
lxlly = lxs] + Iz s llxllz = (g |2 + [x21)2and [lxlle, = max{x;, x5}

Figure 1 illustrates the closed unit sphere which corresponds to each of these norms. In
the first case, S is the square with vertices (1,0), (0,1),(—1,0), (0,—1); in the second, it is the
circular disc of radius 1; and in the third, it is the square with vertices
(1,1),(-1,1),(—1,-1),(1,—1). If we consider the norm defined by

1

lxlly = (1 [P + 1x2[P)P (12)

Wherel < p < oo, and if we allow p to increase from 1 to oo, then the corresponding S’s

swell continuously from the first square mentioned to the second. We note that S is truly
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“spherical”’< p = 2. These considerations also show quite clearly why we always assume that
p = 1; for if we were to define |lx||,, by formula (12) with p < 1, then § = {x: llxll,, <
1}wou|d not be convex (see the star-shaped inner portion of Fig. 35). For p < 1, therefore,

formula (12) does not yield a norm.

In the above examples, we have exhibited several different types of Banach spaces, and
there are yet others which we have not mentioned. Amid this diversity of possibilities, it is well
to realize that any Banach space can be regarded—from the point of view of its linear and norm
structures alone—as a closed linear subspace of C(X) for a suitable compact Hausdorff space X.
We prove this below, in our discussion of the natural imbedding of a Banach space in its second

conjugate space.
Problems

1. Let N be a non-zero normed linear space, and prove that N is a Banach space &
{x: |[x]| = 1} is complete.

2. Leta Banach space B be the direct sum of the linear subspaces M and N,sothatB =
M@N. Ifz = x + y is the unique expression of a vector z in B as the sum of vectors x
and y in M and N, then a new norm can be defined on the linear space B by||z||" = [|x]|| +
|y]l. Prove that this actually isa norm. If B’ symbolizes the linear space B equipped with
this new norm, prove that B’ is a Banach space if M and N are closed in B.

3. Prove Eq. (9) for the case of an arbitrary positive integer n.

1.2 : CONTINUOUS LINEAR TRANSFORMATIONS

Let N and N’ be normed linear spaces with the same scalars, and let T be a linear
transformation of N into N’. When we say that T is continuous, we mean that it is continuous as
a mapping of the metric space N into the metric space N’. By Theorem 13-B, this amounts to the
condition that x,, » x in N = T(x,) » T(x) in N’. Our main purposein this section is to
convert the requirement of continuity into several more useful equivalent forms and to show that
the set of all continuous linear transformations of N into N’ can itself be made inte a normed

linear space in a natural way.
Manenmaniam Sundaranar Univewsity, Divectorate ef Distance and Continuing Education, Tiwunelveli
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Theorem 1.2 : Let N and N’ be normed linear spaces and T a linear transformation of N into N’.

Then the following conditions on T are all equivalent to one another:
(1) T is continuous;
(2) T is continuous at the origin, in the sense that x,, » 0 = T(x,) - 0;

(3) there exists a real number K > 0 with the property that [|T(x)|| < K||x]|| for every

X EN,

(4) if S = {x:||x|| < 1} ds the closed unit sphere in N, then its image T'(S) is a bounded

setin N’.
Proof.

(1) (2). If T is continuous, then since T(0) = 0 it is certainly continuous at the origin.
On the other hand, if T is continuous at the origin, thenx, > x © x, —x > 0= T(x, — x) -

0 T(x,) —T(x)-> 0o T(x,) =T(x),soT is continuous.

(2) & (3). It is obvious that (3) = (2), for if such a K exists, then x,, = 0 clearly implies

thatT (x,) — 0.
To show that (2) = (3), we assume that there is no such K.

It follows from this that for each positive integer n we can find a vector x, such that

X

IIT Cx,) || > nllx, || or equivalently, such that ”T(—")” > 1.

nflxnll

If we now put

Xn

y = ——
"on|lx,ll

then it is easy to see that y,, —» 0 butT (y,,) + 0, so T is not continuous at the origin.
(3) © (4). Since a non-empty subset of a normed linear space is bounded < it is
contained in a closed sphere centered on the origin, it is evident that (3) = (4); for if||x]|| < 1,
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then||T(x)|| < K. To show that (4) = (3), we assume that T(S) is contained in a closed sphere of

radius K centered on the origin.

If x = 0, then T(x) = 0, and clearly |[T(x)|l < K||x||; and if x # 0, then”xT|| €S, and

X

therefore”T (”x”

)” < K, so again we have||T (x)|| < K]||x]|.

If the linear transformation T in this theorem satisfies condition (3), so that there exists a

real number K > 0 with the property that
ITCOll < Kllx|]

for every x, then K is called a bound for T, and such a T is often referred to as a bounded

linear transformation.

According to our theorem, T is bounded < it is continuous, so these two adjectives can

be used interchangeably.

We now assume that T is continuous, so that it satisfies condition (4), and we define its

norm by

ITIl = sup{lIT COll: llx[l < 1} 1)

When N = {0}, this formula can clearly be written in the equivalent form

ITIl = sup{lIT COll: llxIl = 1} (2)

It is apparent from the proof of Theorem A that the set of all bounds for T equals the set
of all radii of closed spheres centered on the origin which contain T(S). This yields yet another

expression for the norm of T,

namely,

IT| = inf{K:K > 0 and ||[T(x)|| < K||x|| for all x}; (3)

and from this we see at once that
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ITCONl < Tl (4)

for all x.

We now denote the set of all continuous (or bounded) linear transformations of N into N’
by C(N, N’), where the letter “C” is intended to suggest the adjective ‘‘bounded.”” It is a routine
matter to verify that this set is a linear space with respect to the pointwise linear operations
defined by Egs. (1) and (2) and to show that formula (1) actually does define a norm on this

linear space. We summarize and extend these remarks in

Theorem 1.3 : If N and N’ are normed linear spaces, then the set C(N, N’) of all continuous
linear transformations of N into N’ is itself a normed linear space with respect to the pointwise
linear operations and the norm defined by (1). Further, if N’ is a Banach space, then C(N, N’) is

also a Banach space.
Proof.

We leave to the reader the simple task of showing that C(N, N’) is a normed linear space,

and we prove that this space is complete when N’ is.
Let {T,,} be a Cauchy sequence in C(N, N’).

If x is an arbitrary vector in N, then ||T,(x)— T, =(T, —T,))I <
\IT,, — T, |lllx|Ishows that {T;,(x)} is a Cauchy sequence in N’; and since N’ is complete, there

exists a vector in N’-- we denote it by T (z)—such that T, (x) — T (x).

This defines a mapping T of N into N’, and by the joint con- tinuity of addition and scalar

multiplication, T is easily seen to be a linear transformation.

To conclude the proof, we have only to show that T is continuous and that T,, - T with
respect to the norm on C(N,N’).. By the inequality (1), the norms of the terms of a Cauchy

sequence in a normed linear space form a bounded set of numbers, so
ITCOll = Nim T, GOl = lim[|T, Gl < sup(lIT, lllIx]]) = (supll T, IDlxll
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shows that T has a bound and is therefore continuous.

It remains to be proved that

T, — T|| - 0. Lete > 0 be given, and let n, be a positive integer such that
m,n =ngy = ||T,,, = T, || < e. Ifllx]| < 1and m,n > n,, then
T (%) = T COl = I(Tr, — T GO
= 1T = Tullllxll
< T — Tall
<e€

We now hold m fixed and allow n to approachoo, and we see that ||T,,(x) — T,,(x)|| =
| T, (x) — T(x)||, from which we conclude that ||T,,(x) — T(x)|| < € for all m > n, and all x

such that ||x|| < 1. This shows that ||T,,, — T|| < € for all m > ng, and the proof is complete.

Let N be a normed linear space. We call a continuous linear transformation of N into
itself an operator on N, and we denote the normed linear space of all operators on N by C(N)

instead of C(N, N).

Theorem 1.3 shows that C(N) is a Banach space when N is. Furthermore, if operators are
multiplied in accordance with formula (3), then C(N) is an algebra in which multiplication is

related to the norm by
WTT Il < ITINT"l (5)
This relation is proved by the following computation:
ITT’Il = sup{lI(TT)COll: x| < 1}
= sup{|IT(7 )| !l < 1}

< sup{lITIHITGOll: llxIl < 1}
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= ITI suptlIT" COll: llxll < 13
= TNl

We know from the previous section that addition and scalar multiplication in C(N) are
jointly continuous, as they are in any normed linear space. Property (5) permits us to conclude

that multiplication is also jointly continuous:
T,->Tand T, > T =TT, > TT'
This follows at once from
IT T = TT'|l = 1T (T = T") + (T, = DT’
< Tl Ty = T'M1 + T, = THIT |

We also remark that when N # {0}, then the identity transformation I is an identity for

the algebra C(N). In this case, we clearly have

I =1 6)
for 71l = sup{IlCOIl: x| < 13 = sup{llxll: ]l < 1} = 1.

We complete this section with some definitions which will often be useful in our later
work. Let N and N’ be normed linear spaces. An isometric isomorphism of N into N’ is a one-to-
one linear transformation T of N into N’ such that ||T(x)|| = ||x]| for every x in N; and N is said
to be zsometrically isomorphic to N’ if there exists an isometric isomorphism of N onto N’. This
terminology enables us to give precise meaning to the statement that one normed linear space is

essentially the same as another.
Problems

1. If M is a closed linear subspace of a normed linear space N, and if T is the natural
mapping of N onto % defined by T(z) = x + M, show that T is a continuous linear

transformation for which ||T|| < 1.
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2. If T is a continuous linear transformation of a normed linear spaceN into a normed linear

space N’, and if M is its null space, show that T induces a natural linear transformation T”
of = into N’ andthat [|T"[| = [ITl.

3. Let N and N’ be normed linear spaces with the same scalars. If N is infinite-dimensional
and N’ = {0}, show that there exists a linear transformation of N into N’ which is not
continuous. (We shall see in Problem 7 that if N is finite-dimensional, then every linear
transformation of N into N’ is automatically continuous.)

4. Let a linear space L be made into a normed linear space in two ways, and let the two
norms of a vector x be denoted by ||x|| and ||x]||’. These norms are said to be equivalent if
they generate the sametopology on L. Show that this is the case < there exist two
positive real numbers K;, and K, such that K;||x| < |lx||" < K,||x||for all x. (If L is
finite-dimensional, then any two norms defined on it are equivalent. See Problem 7.)

5. If n is a fixed positive integer, the spaces [}(1 < p < o) consist of a single underlying
linear space with different norms defined on it. Show that these norms are all equivalent
to one another. (Hint: show that convergence with respect to each norm amounts to

coordinatewise convergence.)
1.3 : THE HAHN-BANACH THEOREM

One of the basic principles of strategy in the study of an abstract mathematical system
can be stated as follows: consider the set of all structure-preserving mappings of that system into
the simplest system of the same type. This principle is richly fruitful in the structure theory (or
representation theory) of groups, rings, and algebras, and we shall see in the next section how it

works for normed linear spaces.

We have remarked that the spaces R and C are the simplest of all normed linear spaces. If

N is an arbitrary normed linear space, the above principle leads us to form the set of all

continuous linear trans- formations of N into F or C, according as N is real or complex. This

set— it is C(N,R) or C(N, C)—is denoted by N* and is called the conjugate space of N. The

elements of N* are called continuous linear functionals, or more briefly, functionals.It follows

from our work in the previous section that if these functionals are added and multiplied by
scalars pointwise, and if the norm of a functional f is defined by
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1l = sup{lf COl: lIx[l < 1}
=inf{K:K = 0 and |f(x)| < K||x]|| for all x},
then N* is a Banach space.

When we consider various specific Banach spaces, the problem arises of determining the
concrete nature of the functionals associated with these spaces. It is not our aim in this section to
explore the ample body of theory which centers around this problem, and in any case, the
machinery necessary for such an enterprise (mostly the theory of measure and integration) is not
available to us. Nevertheless, for the reader who may have the required background, we mention

some of the main facts with- out proof.

Let X be a measure space with measure m, and let p be a given real number such that

1 < p < . Consider the Banach space L,, of all measurable functions f defined on X for
which |f(x)[? is integrable. If g is a function in L,, where %+ ; = 1, we define a function F;,

on Ly, by
F(f) = [ f(x)g(x) dm(x)
The Helder inequality for integrals mentioned at the end of Problem 46-4 shows that
O] =] f)gG) dm()]
< [ 1f () g(x)dm(x)|
< IIfllgligllg

We conclude from this that F, is a well-defined scalar-valued linear function on L, with

the property that||F, || < llgll,, and is therefore a functional on L,. It can be shown that equality

holds here, so that

151l < llgllg
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It can also be shown that every functional on L, arises in this way, so the mappingg —
E,, (which is clearly linear) is an isometric isomorphism of L, onto L;,. This statement is usually

expressed by writing

Ly, =1, 1)

where the equality sign is to be interpreted in the sense just explained. If we specialize

these considerations to n-tuples of scalars, we see that (1) becomes

() =1 2
Further, it can be shown that
N =15 (3)
and that
(%) =17 (4)

We sketch proofs of (2), (3), and (4) in the problems. When we consider sequences of

scalars, then for 1 < p < cowe have the following special case of (1):

=1, (5)

If p = 1, we obtain a natural extension of (3):

=l (6)

The corresponding extension of (4) is another matter, for it is false thatl}, = [,. Instead,

we have

What is [3,? We saw in Sec. 46 that [, is a special case of C(X), so this question leads

naturally to the problem of determining the nature of the conjugate space C*(X).
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The classic solution of this problem for a space X which is compact Hausdorff (or even
normal) is known as the Riesz representation theorem, and it depends on some of the deeper
parts of the theory of measure and integration (see Dunford and Schwartz [8, pp. 261-265]). The
situation is somewhat simpler for the case in which X is an interval [a, b] on the real line, but
even here an adequate treatment requires a knowledge of Stieltjes integrals (see Riesz and Sz.-
Nagy [35, secs. 49-51)).

Most of the theory of conjugate spaces rests on the Hahn-Banach theorem, which asserts
that any functional defined on a linear subspace of a normed linear space can be extended
linearly and continuously to the whole space without increasing its norm. The proof is rather

complicated, so we begin with a lemma which serves to isolate its most difficult parts.

Lemma. Let M be a linear subspace of a normed linear space N, and let f be a functional defined

on M. If x, is a vector not in M, and if
MO =M + [XO]

is the linear subspace spanned by M and x,, then f can be extended to a functional f,
defined on M, such that||f, || = IIf]l.

Proof.

We first prove the lemma under the assumption that N is a real normed linear space. We

may assume, without loss of generality, that || f|| = 1.

Since x, is not in M, each vector y in M, is uniquely expressible in the formy = x +

ax, with xin M.

It is clear that the definition f,(x + axy) = fo(x) + afy(xo) = f(x) + ar, extends f

linearly to M,, for every choice of the real number r, = f, (x,).

Since we are trying to arrange matters so that||fy|| = 1, our problem is to show that rycan
be chosen in such a way that |f,(x + axy)| < ||x + ax,l|| for every x in M and every a # 0.
Since fy(x + ax,) = f(x) + ary, this inequality can be written as
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—llx + axoll < f(x) + ary < |lx + axl|
or — f(x) — |lx + axyll < aryg < —f(x) + |lx + ax,l|

which in turn is equivalent to

1 (@)= Izl sro == () + I+l ®
We now observe that for any two vectors x; and x, in M we have
fOe2) = fxy) = flxz —x1)
< 1f (e —x1)
< £ Mz = x4l
= [lxz — x4l
= [I(x2 = x0) = (x1 + xo)l
= llxz + xoll + ll2cg + x|
50, —f(x1) — llxg + xoll < —f(x2) + llxz + xol (9)
If we define two real numbers a and b by
a =sup {—f(x) — |lx + xoll: x € M}
and a = inf{—f(x) + ||x + x,ll: x € M}

then (9) shows that a < b. If we now choose r, to be any real number such that a < r, <

b, then the required inequality (8) is satisfied and this part of the proof is complete.

We next use the result of the above paragraph to prove the lemma for the case in which N

is complex. Here f is a complex-valued functional defined on M for which ||f|| = 1.
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We begin by remarking that a complex linear space can be regarded as a real linear space

by simply restricting the scalars to be real numbers.

If g and h are the real and imaginary parts of f, so that f(x) = g(x) + ih(x) for every
x in M, then both g and h are easily seen to be real-valued functionals on the real space M; and

since ||f]| = 1, we have ||g|| < 1.

The equation

flix) = if (x)

together with f(ix) = g(ix) + ih(ix) and

if(x) = i(g(2) + th(x)) = ig(x) — h(x)

shows that h(x) = —g(ix), so we can write f(x) = g(x) —ig(ix). By the above
paragraph, we can extend g to a real-valued functional go on the real space My in such a way
that ||goll = llgll, and we define f, for x in M, by fo(x) = go(x) — igy(ix). Itis easy to see
that f;, is an extension of f from M to M, that fo(x + y) = fo(x) + f;(y), and that f,(ax) =
af,(x) for all real a’s. The fact that the property last stated is also valid for all complex a’s is a

direct consequence of

fo(ix) = go(ix) - igo(iz x) = go (ix) + igo (x) = i(go (x) — igo(ix)) = ifo(x),

SO f, is linear as a complex-valued function defined on the complex space M,. All that
remains to be proved is that||fy || = 1, and we dispose of this by showing that if x is a vector in
M,, for which |[x|| =1, then |f;(x)| < 1. If fy(x) is real, this follows from f,(x) = go(x)

andg, < 1. If f,(x) is complex, then we can write f,(x) = re’® withr > 0, so
ol =7 =e"f(x) = fo(e7*x)

and our conclusion now follows from |le=®x|| = |lx|| = 1 and the fact that f,(e~*x)is

real.
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Theorem 1.4 (The Hahn-Banach Theorem) : Let M be a linear subspace of a normed linear
space N, and let f be a functional defined on M. Then f can be extended to a functional f;,
defined on the whole space N such that ||/, || = |If]l.

Proof.

The set of all extensions off to functionals g with the same norm defined on subspaces
which contain M is clearly a partially ordered set with respect to the following relation: g, <
g>means that the domain of g,: is contained in the domain of g,, and g,(x) = g,(x)for all x in

the domain of g,.

It is easy to see that the union of any chain of extensions is also an extension and is
therefore an upper bound for the chain. Zorn’s lemma now implies that there exists a maximal
extension fy. We complete the proof by observing that the domain of f) must be the entire space

N, for otherwise it could be extended further by our lemma and would not be maximal.

As we stated in the introduction to this chapter, the main force of the Hahn-Banach
theorem lies in the guarantee it provides that any Banach space (or normed linear space) has a
rich supply of functionals. This property is to be understood in the sense of the following two

theorems, on which most of its applications depend.

Theorem 1.5 : If N is a normed linear space and x, is a non-zero vector in N, then there exists a
functional f, in N * such that f; (x,) = llxclland f; = 1.

Proof.

Let M = {ax,} be the linear subspace of N spanned by x,, and define f on M
byf(ax,) = allx,ll. It is clear that f is a functional on M such that f(x,) = ||lx,lland |[f]| = 1.
By the Hahn-Banach theorem, f can be extended to a functional f, in N * with the required

properties.

Among other things, this result shows that N * separates the vectors in N, for if x and y
are any two distinct vectors, so that x —y = 0, then there exists a functional f in N* such that
f(x —vy) # 0, orequivalently, f(x) # f(y).
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Theorem 1.6 : If M is a closed linear subspace of a normed linear space N and x is a vector not
in M, then there exists a functional f; in N* such that f,(M) = 0and f;(x,) # 0.

Proof.

The natural mapping T of N onto N/M (see Problem 47-1) is a continuous linear

transformation such that T(M) = 0 and
T(xg) =xo+M %0
By Theorem 1.5, there exists a functional f in (N/M)* such that
flxo+M)+0

If we now define f, by fo(x) = f(T(x)), then f, is easily seen to have the desired

properties.

These theorems play a critical role in the ideas developed in the following sections, and

their significance will emerge quite clearly in the proper context.
Problems

1. Let M be a closed linear subspace of a normed linear space N, and let x, be a vector not
in M. If d is the distance from x to M, show that there exists a functional f; in N* such
thatf, (M) = 0, fo(xo) = 1, and lIfyll = 1/d.

2. Prove that a normed linear space N is separable if its conjugate space N* is. (Hint: let
{f..} be a countable dense set in N* and {x,,} a corresponding set in N such that ||x,|| < 1
and|f,, (x, )1 = |If,1l/2; let M be the set of all linear combinations of the x,,’s whose
coefficients are rational or—if N is complex—nhave rational real and imaginary parts; and
use Theorem C to show that M = N.) We remark that N* need not be separable when N
is, for 1, is easily proved to be separable, I = [, and [, is not separable (see Problem
18-4).
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1.4 : THE NATURAL IMBEDDING OF N IN N**

Since the conjugate space N* of a normed linear space N is itself a normed linear space,
it is possible to form the conjugate space (N*)* of N*. We denote this space by N**, and we call

it the second conjugate space of N.

The importance of N** rests on the fact that each vector x in N gives rise to a functional

E., in N**_ If we denote a typical element of N* by f, then F, is defined by

Fx(f) = f(x)

In other words, we invert the usual practice by regarding the symbol f(x) as specifying a
function of f for each fixed x, and we emphasize this point of view by writing f(x) in the form

E.(f). A simple manipulation of the definition shows that F,, is linear:
F(af +Bg) = (af +Bg)(x)
= af (x) + fg(x)
= aF.(f) + BF.(g)
If we now compute the norm of E,, we see that
IEll = sup{|FCOl: Il < 1}
= supf{lfC): lIfIl < 11}
< sup{lIflllxll: IfIl < 1}
< [lxl
that equality holds here, so for each x in N we have
IEN = llxll

It follows from these observations that x — E,. is a norm-preserving mapping of N into
N**. F is called the functional on N* induced by the vector z, and we refer to functionals of this
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kind as induced functionals. We next point out that the mappingx — F,, is linear and is therefore

anisometric isomorphism of N into N**. To verify this, we must show that F,,,(f) =

(F, + E,)(fand F, (f) = (aF,)(f)for every f in N*. The first of these relations follows from
Fray(f) = fx +)
= f) + )
= E() + E,(f)
= (E+E)()

and the second is proved similarly. The isometric isomorphismx — E, is called the
natural imbedding of N in N**, for it allows us to regard N as part of N** without altering any of

its structure as a normed linear space.
We write
NCc N*™
where this set inclusion is to be understood in the sense just explained.

A normed linear space N is said to be reflexive if N = N** The spaces [,, (and

L,) for 1 < p <co are reflexive, forl; = 1,,, and
b=l =0h

It follows from Problem 48-3 that the spaces [} for 1 < p < oo are also reflexive. Since

N** is complete, N is necessarily complete if it is reflexive.

If N is complete, however, it is not necessarily reflexive, as we see from c,* = [;; and
co** = 1;* =l,,. If X is a compact Hausdorff space, it can be shown that ¢(X) is reflexive & X is

a finite set.
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There is an interesting criterion for reflexivity, which depends on the concept of the weak
topology on a normed linear space N. This is defined to be the weak topology on N generated by
the functions in N* in the sense of Sec. 19; that is, it is the weakest topology on N with respect to

which all the functions in V* remain continuous.

The criterion referred to is the following: if B isa Banach space, and if S = {x: ||x|| < 1}

is its closed unit sphere, then B is reflexive < S is compact in the weak topology.

This fact is something one should know about Banach spaces, but we shall have no need

for it ourselves, so we state it without proof.

Far more important for our purposes is the weak* topology on N*, which is defined to be

the weak topology on N* generated by all the induced functionals F, in N**,
This situation is rather complicated, so we shall try to make clear just what is going on.

First of all, N* (like N) is a normed linear space, and it therefore has a topology derived

from its character as a metric space. This is called the strong topology.

N** is the set of all scalar-valued linear functions defined on N* which are continuous

with respect to its strong topology.

The weak topology on N* (like the weak topology on N) is the weakest topology on N*
with respect to which all the functions in N** are continuous, and clearly this is weaker than its

strong topology.
So far, as we have indicated, these concepts apply equally to N and N*.

However, since N* is the conjugate space of N, the natural imbedding enables us to

consider N as part of N**,

We now form the weakest topology on N* with respect to which all the functions in N—

regarded as a subset of N**—remain continuous.

This is the weak* topology, and it is evidently weaker than the weak topology. The
weak* topology can be given a more explicit description, in which its defining subbasic open
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sets are displayed. Consider a vector x in N and its induced functional E., in N**. The weak*
topology on N* is the weakest topology under which all such F,’s are continuous. If fy is an

arbitrary element in N*, and if > 0 is given, then theset
S(x, fo,€) ={f:f € N" and |F.(f) — F(fo)| < €}
={f:f eN"and |f(x) — fo(x)| < €}
is an open set (in fact, a neighborhood of f;) in the weak* topology.

Furthermore, the class of all sets of this kind, for all x’s, f,’s, and €’s, is the defining
open subbase for the weak* topology. The finite intersections of these sets constitute an open

base for this topology, and the open sets themselves are all unions of these finite intersections.

We remark at this point that N* is a Hausdorff space with respect to its weak* topology.
This follows at once from the fact that if f and g are distinct functionals in N*, then there must
exist a vector x in N such that f(x) # g(x); for if we put € = |f(x) — g(x)|/3, then S(x, f, €)
and S(x, g, €) are disjoint neighborhoods of f and g in the weak* topology.

Let us now consider the closed unit sphere S* in N*, that is, the set S* ={f:f €
N*and [|f]l < 1}.

It is an easy consequence of Problem 2 that S* is compact in the strong topology < N is
finite-dimensional, so the strong compactness of S* is a very stringent condition. If N is
complete, it follows from Problem 3 and our unproved criterion for reflexivity that S* is compact
in the weak topology < J is reflexive, so the weak compactness of S* is still a fairly substantial
restriction. We state these facts to emphasize that the situation is quite different with the weak*

topology, for here S* is always compact.

Theorem 1.7 : If N is a normed linear space, then the closed unit sphere S* in N* is a compact

Hausdorff space in the weak* topology.
Proof.
We already know that S* is a Hausdorff space in this topology, so we confine our
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attention to proving compactness. With each vector x in N we associate a compact space C,,
where C, is the closed interval [—|[x]|, ||x||] or the closed dise {x:|x| < ||x||}, according as N is

real or complex.

By Tychonoff’s theorem, the product C of all the C,.’s is also a compact space. For each

X, the values f(x) of all f’s in S* lie in C,.

This enables us to imbed S* in C by regarding each f in S* as identical with the array of

all its values at the vectors x in N.

It is clear from the definitions of the topologies concerned that the weak* topology on S*
equals its topology as a subspace of C’; and since C is compact, it suffices to show that S* is

closed as a subspace of C.

We show that if g is in S*, then g isin S*. If we consider g to be a function defined on the
index set N, then since g is in C we have |g(x)| < [|x]|| for every x in N. It therefore suffices to

show that g is linear as a function defined on N.

Let € > 0 be given, and let x and y be any two vectorsin N. Every basic neighborhood of
g intersects S*, so there exists an f in S* such that |g(x) — f(x)| < €/3, |lgly) = f(W)| < ¢/
3and |g(x +y) — f(x + y)| < €/3. Since fis linear, f(z + y) — f(x) — f(y) = 0, and we

therefore have

lgix +y) —g(x) =gl = llglx +y) — fx + Y] = [g(x) — fF)] = [g() — FY)]

<lglx+y)—flx+y)|+1glx)—fCI+1g@) — FI

<6+6+6
3 3 3

The fact that this inequality is true for every e > 0 now implies that g(x + y) =
g(x) + g(¥). We can show in the same way that

g(ax) = ag(x)
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for every scalar «, so g is linear and the theorem is proved.

We are now in a position to keep the promise made in the last paragraph of Sec. 46, for

the following result is an obvious consequence of our preceding work,

Theorem 1.8 : Let N be a normed linear space, and let S* be the compact Hausdorff space
obtained by imposing the weak* topology on the closed unit sphere in N*. Then the mapping
x = F., where E.(f) = f(x) for each fin S*, ts an isometric isomorphism of N into C(S*). If N
is a Banach space, this mapping is an isometric isomorphism of N onto a closed linear subspace
of C(S*).

This theorem shows, in effect, that the most general Banach space is essentially a closed

linear subspace of C(X), where X is a compact Hausdorff space.

The purpose of representation theorems in abstract mathematics is to reveal the structures
of complex systems in terms of simpler ones, and from this point of view, Theorem 8 is

satisfying to a degree.

It must be pointed out, however, that we know next to nothing about the closed linear
subspaces of C(X), though we know a good deal about C(X) itself. Theorem 8 is therefore
somewhat less revealing than appears at first glance. We shall see in Chaps. 13 and 14 that the

corresponding representation theorem for Banach algebras is much more significant and useful.
Problems

1. Let X be a compact Hausdorff space, and justify the assertion that C(X) is reflexive if X
is finite.

2. If N is a finite-dimensional normed linear space of dimension n, show that N* also has
dimension n. Use this to prove that N is reflexive.

3. If B is a Banach space, prove that B is reflexive & B* is reflexive.

4. Prove that if B is a reflexive Banach space, then its closed unit sphere S is weakly
compact.

5. Show that a linear subspace of a normed linear space is closed < it is weakly closed.
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UNIT -2

2.1 : THE OPEN MAPPING THEOREM

In this section we have our first encounter with basic theorems which require that the
spaces concerned be complete. The following rather technical lemma is the key to these

theorems.

Lemma : If B and B’ are Banach spaces, and if T is a continuous linear transformation of B onto
B’, then the image of each open sphere centered on the origin in B contains an open sphere

centered on the origin in B’.
Proof.

We denote by S, and S;. the open spheres with radius r centered on the origin in B and B’.
It is easy to see that

T(Sy) = T(rS1) = rT(S1)),
so it suffices to show that T'(S;) contains some S;..

We begin by proving that T(S;) contains some S;. Since T is onto, we see that B’ =
Uy—; T(S,). B’ is complete, so Baire’s theorem implies that some T(Sno) has an intcrior point

yo, which may be assumed to lie in T (S, ). The mapping y — y — y, is a homeomorphism of B’

onto itself, so T(Sno) — ¥, has the origin as an interior point.

Since y, is in T(S,,), we have T(S,,)—¥o S T(Szn,); and from this we obtain

T(Sn,) = ¥o = T(Sn,) = Yo € T(S2n,), Which shows that the origin is an interior point of

T(San) Multiplication by any non-zero scalar is a homeomorphism of B’ onto itself, so

T(Syn,) = 2noT(S;) = 2n,T(S;); and it follows from this that the origin is also an interior

point of T(S;), soSy < T(S;) for some positive number €.
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We conclude the proof by showing that S¢ < T(S3), which is clearly equivalent to S 5 <

T(S;). Let y be a vector in B’ such that ||y|| < e.

Since y is in T(S,), there exists a vector x,; in B such that [|x;|| < 1 and |ly — vl < ¢/
2, where y; = T(x,).

We next observe that Se € T (Sl>, so there exists a vector x, in B such that ||x,]| <%
2 2

and||(y — y1) — ¥zl < €/4, where y, = T(x,).

Continuing in this way, we obtain a sequence {x,} in B such that ||x,|| < 1/2"1
and|ly — (y, + y, + -+ y)ll < €/2", where y,, = T(x,,). If weput

Spn =X +x,+ -+ x,
then it follows from ||x,|| < 1/2"* that {s,,} isa Cauchy sequence in B for which

lIsull < lloeall + [l |l + -+ + Iy,

1
<14o4e+t 1/2n1

<2

B is complete, so there exists a vector x in B such that s, — x; and ||x|| = ||llims,]|| =

lim||s, || < 2 < 3 shows that x is in S5;. All that remains is to notice that the continuity of T

yields

T(x) =T(ims,) = limT(s,) =lim(y; +y, + -+ y) =,
from which we see that y is in T(S3).

This makes our main theorem easy to prove.
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Theorem 2.1 (The Open Mapping Theorem) : If B and B’ are Banach spaces, and tf T is a

continuous linear transformation of B onto B’, then T is an open mapping.
Proof.

We must show that if G is an open set in B, then T(G) is also an open set in B”. If y is a

point in T(G), it suffices to produce an open sphere centered on y and contained in T(G).
Let x be a point in G such that T(x) =Y.

Since G is open, zis the center of an open sphere— which can be written in the form x +

S,contained in G.

Our lemma now implies that T(S,) contains some S;.,. It is clear that y + S, is an open

sphere centered on y, and the fact that it is contained in T(@) follows at once from y + §;. €

y+T(S,) = T(x) +T(S,) € T(G)

Most of the applications of the open mapping theorem depend more directly on the

following special case, which we state separately for the sake of emphasis.

Theorem 2.2 : A one-to-one continuous linear transformation of one Banach space onto another
is a homeomorphism. In particular, if a one-to-one linear transformation T of a Banach space

onto itself is continuous, then its inverse T~ is automatically continuous.

As our first application of Theorem 2.2, we give a geometric characterization of the
projections on a Banach space. The reader will recall from Sec. 44 that a projection E on a linear
space L is simply an idempotent E? = E linear transformation of L into itself. He will also recall

that projections on L can be described geometrically as follows:

(1) a projection E determines a pair of linear subspaces M and N such that L = M@N,

where M = {E(x):x € L}and N = {x: E(x) = 0} are the range and null space of E;

(2) a pair of linear subspaces M and N such that L = M@N determines a projection E
whose range and null space are M and N (if z = x + y is the unique representation of
a vector in Las a sum of vectors in M and N, then E is defined by E(z) = 2).
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These facts show that the study of projections on L is equivalent to the study of pairs of
linear subspaces which are disjoint and span L. In the theory of Banach spaces, however, more is

required of a projection than mere linearity and idempotence.

A projection on a Banach space B is an idempotent operator on B; that is, it is a

projection on B in the algebraic sense which is also continuous.

Our present task is to assess the effect of the additional requirement of continuity on the

geometric descriptions given in (1) and (2) above. The analogue of (1) is easy.

Theorem 2.3. If P is a projection on a Banach space B, and if M and N are its range and null

space, then M and N are closed linear subspaces of B such that B=M @ N.
Proof.

P is an algebraic projection, so (1) gives everything except the fact that M and N are

closed.

The null space of any continuous linear transformation is closed, so N is obviously

closed; and the fact that 1 is also closed is a consequence of
M = {P(x):x € B}
={x:P(x) = x}
={x:(I - P)(x) =0}
which exhibits M as the null space of the operator I — P.
The analogue of (2) is more difficult, for Theorem B is needed in itsproof.

Theorem 2.4 : Let B be a Banach space, and let M and N be closed linear subspaces of B such
that B= M@N. If z = x + y is the unique representation of a vector in B as a sum of vectors in
M and N, then the mapping P defined by P(z) = x is a projection on B whose range and null

space are M and N.
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Proof.

Everything stated is clear from (2) except the fact that P is continuous, and this we prove
as follows. By Problem 46-2, if B’ denotes the linear space B equipped with the norm defined by

lzll” = llxIl + Iyl

then B’ is a Banach space; and sincellP(2)|| = llx|| < llxI| + llyll = llz]l’, P is clearly

continuous as a mapping of B’ into B.

It therefore suffices to prove that B’ and B have the same topology. If 7 denotes the

identity mapping of B’ onto B, then
IT @Il = llzIl
= |lx + ¥l
< [lxll + llyll
= ||z’

shows that T is continuous as a one-to-one linear transformation of B’ onto B. Theorem B

now implies that T is a homeomorphism, and the proof is complete.

This theorem raises some interesting and significant questions. Let M be a closed linear

subspace of a Banach space B.

As we remarked at the end of Sec. 44, there is always at least one algebraic projection

defined on B whose range is M, and there may be a great many.

However, it might well happen that none of these are continuous, and that conse- quently
none are projections in our present sense. In the light of our theorems, this is equivalent to saying

that there might not exist any closed linear subspace N such that B = M@N.

What sorts of Banach spaces have the property that this awkward situation cannot occur?

We shall see in the next chapter that a Hilbert space which is a special type of Banach space has
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this property. We shall also see that this property is closely linked to the satisfying geometric

structure which sets Hilbert spaces apart from general Banach spaces.

We now turn to the closed graph theorem. Let B and B’ be Banach spaces. If we define a

metric on the product BxB’ by

d(Cey, y1), (x2,¥2)) = max{llx; — 211, llys = 213,

then the resulting topology is easily seen to be the same as the product topology, and
convergence with respect to this metric is equivalent to coordinatewise convergence. Now let T
be a linear transformation of B into B’. We recall that the graph of T is that subset of BXxB’
which consists of all ordered pairs of the form (x,T(x)). Problem 26-6 shows that if 7 is
continuous, then its graph is closed as a subset of BxB’. In the present context, the converse is

also true.

Theorem 2.5 (The Closed Graph Theorem).If B and B’ are Banach spaces, and if T is a linear

transformation of B into B’, then T is continuous > its graph is closed.
Proof.

In view of the above remarks, we may confine our attention to proving that T is
continuous if its graph is closed. We denote by B the linear space B renormed by||x||; = ||x|| +
[IT(x)]|. Since

ITCONl < llxll + ITCOIl = llxlly

T is continuous as a mapping of B, into B’. It therefore suffices to show that B and B,

have the same topology.

The identity mapping of B; onto B is clearly continuous, for||x| < |[x|| + [[T(x)|| =
||x]||. If we can show that B, is complete, then Theorem 2.2 will guarantee that this mapping is a

homeomorphism, and this will conclude the proof.

Let {x,,} be a Cauchy sequence in B,. It follows that {x,} and {T'(x,)} are also Cauchy
sequences in B and B’; and since both of these spaces are complete, there exist vectors x and y in
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B and B’ such that ||x, — x|l = 0 and ||T (x,,) — y|| = 0. Our assumption that the graph of T is
closed in B x B’ implies that (x,y) lies on this graph, so T(x) = y. The completeness of B,

now follows from
lxen — xlly = Il — xIl + 1T Cen, — 20l
= llxp = xll + IT (x,) = T
= llxp = xll + ITCc) —yll > 0

The closed graph theorem has a number of interesting applications to problems in
analysis, but since our concern here is mainly with matters of algebra and topology, we do not

pause to illustrate its uses in this direction.
Problems

1. Let a Banach space B be made into a Banach space B’ by means of a new norm, and
show that the topologies generated by these norms are the same if either is stronger than
the other.

2. In the text, we used Theorem B to prove the closed graph theorem. Show that Theorem B
is a consequence of the closed graph theorem.

3. Let T be a linear transformation of a Banach space B into a Banach space B’. If {f;} is a
set of functionals in B’* which separates the vectors in B’, and if f; T is continuous for

each f;, prove that Tis continuous.
2.2 : THE CONJUGATE OF AN OPERATOR

We shall see in this section that each operator T on a normed linear space N induces a
corresponding operator, denoted by 7* and called the conjugate of TJ', on the conjugate space
N*. Our first task is to define T*, and our second is to investigate the properties of the mapping

T-T*. We base our discussion on the following theorem.

Theorem 2.6 (The Uniform Boundedness Theorem) : Let B be a Banach space and N a

normed linear space. If {T;} is a non-empty set of continuous linear transformations of B into N
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with the property that {T;(x)} is a bounded subset of N for each vector x in B, then {||T;||} ts a
bounded set of numbers; that is, {T;} is bounded as a subset of C(B, N).

Proof.
For each positive integer n, the set
E, = {x:x € Band ||T;(x)|| < n for all i}
is clearly a closed subset of B, and by our assumption we have
B =uUy_, K

Since B is complete, Baire’s theorem shows that one of the F,’s, say F, , has non-empty

interior, and thus contains a closed sphere So with center x, and radius r, > 0.

This says, in effect, that each vector in every set T;(S,) has norm less than or equal to n;

and for the sake of brevity, we express this fact. by writing||T; (S,) || < n,.

It is clear that S, — x,is the closed sphere with radius r, centered on the origin, so (S, —

Xo) /7o is the closed unit sphere S.

Since x, is in Sy, it is evident that [|T;(Sy — xo)|| < 2n,. This yields||T;(S)|| < 2ny /7y,

so ||T;|| < 2ny/r, for every i, and the proof is complete.

This theorem is often called the Banach-Steinhaus theorem, and it has several significant
applications to analysis. See, for example, Zygmund [46, vol. 1, pp. 165-168] or G4l [11]. For

the purposes we have in view, our main interest is in the following simple consequence of it.

Theorem 2.7 : A non-empty subset X of a normed linear space N is bounded & f(X) ts a

bounded set of numbers for each f in N *.
Proof.

Since [f()| < [IfIllx]], it is obvious that if X is bounded, then f(X) is also bounded for
each f.
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In order to prove the other half of the theorem, it is convenient to exhibit the vectors in X
by writing X = {x;}. We now use the natural imbedding to pass from X to the corresponding

subset {F; } of N**.

Our assumption that f(X) = {f(x;)} is bounded for each f is clearly equivalent to the

assumption that {Fsi(f)} is bounded for each f, and since N* is complete, Theorem 2.1 shows
that {P;l} is a bounded subset of N**. We know that the natural imbedding preserves norms, so X

is evidently a bounded subset of N.

We now turn to the problem of defining the conjugate of an operator on a normed linear

space N.
Let L be the linear space of all scalar-valued linear functions defined on N.
The conjugate space N* is clearly a linear subspace of L.

Let T be a linear transformation of N into itself which is not necessarily continuous. We

use T to define a linear transformation T*”” of L into itself, as follows.

If fisinL, then T'(f) is defined by

[T"(N]x) = f(T(x)) (1)

We leave it to the reader to verify that T’(f) actually is linear as a function defined on N,

and also that T' is linear as a mapping of L into itself.

The following natural question now presents itself. Under what circumstances does T’
map N* into N*? This question has a simple and elegant answer: T’'(N*) EN* < T is
continuous. If we keep Theorem B in mind, the proof of this statement is very easy; for if S is the
closed unit sphere in N, then T is continuous < T(S) is bounded < f(T(S)) is bounded for each f

in N* & [T’'(f)](S) is bounded for each fin N* & T’(f) is in N* for each fin N*.

We now assume that the linear transformation T is continuous and is therefore an

operator on N. The preceding developments allow us to consider the restriction of T’ to a
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mapping of N* into itself. We denote this restriction by T*, and we call it the conjugate of T. The

action of T* is given by

[T*(F)](x) = f(T(x)) )

in which—in contrast to (1)—f is understood to be a functional on N, and not merely a

scalar-valued linear function. T* is clearly linear, and the following computation shows that it is

continuous:
Tl = sup{lIT*ONI: IIfIl < 1}
= sup{lIT*(NH: Ifll and ||x]| < 1}
= sup{|f (T())|: IIf Il and lIx|l < 1}
< sup{lIfIlITNllxl: IfII and llx]l < 1}
< |ITl

Since||T|| = sup{|IT ) Il: llx]| < 1}, we see at once from Theorem 48-B that equality

holds here, that is, that

Il = Il 3)
The mapping T — T* is thus a norm-preserving mapping of C(N) into C(N*).

We continue in this vein by observing that the mapping T-T* also has the following

pleasant algebraic properties:

(aTy + BT,)" = aly + BT; (4)
(T\T,)" = Ty (®)
I'=1 (6)
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The proofs of these facts are easy consequences of the definitions. We illustrate the
principles involved by proving (5). It must be shown that
(T, TL)*(f) = (T, T;)(f) for each f in N*, and this means that

[(T:T2)" (1) = (T T (1)

for each fin N* and each xin N. A simple computation now shows that
[(TyT2)* (M) = F((T1T2) ()
= f (Tu(T.())
= [T (N(T2 ()

= [T (H](x)

It may be helpful to the reader to have the following summary of the results of this

discussion.

Theorem 2.8 : If T is an operator on a normed linear space N, then its conjugate T* defined by
Eq. (2) is an operator on N*, and the mapping T — T* is an isometric isomorphism of C(N) into

C(N*) which reverses products and preserves the identity transformation.

The general significance of the ideas developed here can be under- stood only in the light
of the theory of operators on Hilbert spaces. Some preliminary comments on these matters are

given in the introduction to the next chapter.
Problems

1. Let B be a Banach space and N a normed linear space. If {T,,} isa sequence in C(B,N)
such that T(x) = limT,,(x) exists for each x in B, prove that T is a continuous linear
transformation.

2. Let T be an operator on a normed linear space N. If N is considered to be part of N** by
means of the natural imbedding, show that T** is an extension of 7. Observe that if N is
reflexive, then T** =T.

Manenmaniam Sundaranar Univewsity, Divectorate ef Distance and Continuing Education, Tiwunelveli
42



3. Let T be an operator on a Banach space B. Show that 7 has an inverse T~ < T* has an
inverse (T*)~1, and that in this case (T*)~! = (T~1)*.

2.3 : THE DEFINITION AND SOME SIMPLE PROPERTIES

The Banach spaces studied in the previous chapter are little more than linear spaces
provided with a reasonable notion of the length of a vector. The main geometric concept missing
in an abstract space of this type is that of the angle between two vectors. The theory of Hilbert
spaces does not hinge on angles in general, but rather on some means of telling when two vectors

are orthogonal.

In order to see how to introduce this concept, we begin by considering the three-

dimensional Euclidean space R3.

A vector in R3 is of course an ordered triple x = (x,x,,x3) of real numbers, and its

norm is defined by

1
lxll = (g2 + 1xa]? + 1x512)2

In elementary vector algebra, the inner product of z and another vector y = (y4, y,, v3) is
defined by

(6, y) = X131 + X295 + x3Y3
and this inner product is related to the norm by
(x, %) = llxII?
We assume that the reader is familiar with the equation
(x,¥) = llx|lllyll cos 6

where 6 is the angle between x and y, and also with the fact that x and y are orthogonal

precisely when (x,y) = 0.
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Most of these ideas can readily be adapted to the three-dimensional unitary space C3. For
any two vectorsx = (x4, x5, x3) andy = (y4, 2, ¥3) in this space, we define their inner product
by

(x,y) = x1Y1 + X7, + x3¥3 (1)

Complex conjugates are introduced here to guarantee that the relation
(x, %) = |lx]I?

remains true. It is clear that the inner product defined by (1) is linear as a function of x

for each fixed y, and is also conjugate-symmetric, in the sense that (x,y) = (y, x).

In this case, it is no longer possible to think of (x,y) as representing the product of the
norms of x and y and the cosine of the angle between them, for (x,y) is in general a complex
number. Nevertheless, if the condition (x,y) = 0 is taken as the definition of orthogonality,

then this concept is just as useful here as it is in the real case.

With these ideas as a background, we are now in a position to give our basic definition. A
Hilbert space is a complex Banach space whose norm arises from an inner product, that is, in
which there is defined a complex function (x,y) of vectors x and y with the following

properties:

1. (ax+ By, z) =alx,z)+ B(y,2)

2. (x,y)=,x)
3. (x,x) = |Ix|I?

It is evident that the further relation
(x,ay + Bz) = a(x,y) + B(x,2)
is a direct consequence of properties (1) and (2).

The reader may wonder why we restrict our attention to complex spaces. Why not
consider real spaces as well? As a matter of fact, we could easily do so, and many writers adopt
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this approach. There are a few places in this chapter where complex scalars are necessary, but the
theorems involved are not crucial, and we could get along with real scalars without too much
difficulty. It is only in the complex case, however, that the theory of operators on a Hilbert space
assumes a really satisfactory form. This will appear with particular clarity in the next chapter,
where we make essential use of the fact that every polynomial equation of the nth degree with
complex coefficients has exactly n complex roots (some of which, of course, may be repeated).
For this and other reasons, we limit ourselves to the complex case throughout the rest of this
book.

The following are the main examples of Hilbert spaces. In accord- ance with the above

remarks, the scalars in each example are understood to be the complex numbers.

Example 1. The space [}, with the inner product of two vectors .

x = (x1,%9, e, xp) andy = (¥1,¥2, e V)
defined by

n
(x,y) = Z Xiyi
i=1

It is obvious that conditions (1) to (3) are satisfied.

Example 2. The space [,, with the inner product of the vectors

X = (%1,X0, e, Xy o) ANA Y = (Y1, Vs eees Yy oor)

defined by

[ee)

(x,y) = Z XiYi

i=1

The fact that this series converges—and thus defines a complex number— for each x and

y in [, is an easy consequence of Cauchy’s inequality.
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Example 3. The space L, associated with a measure space X with measure m, with the inner

product of two functions f and g defined by

(f.9) = | f(x)g(x)dm(x)

This Hilbert space is of course not part of the official content of this book, but we
mention it anyway in case the reader has some knowledge of these matters.

As our first theorem, we prove a fundamental relation known as the Schwarz inequality.
Theorem 2.9 : If x and y are any two vectors in a Hilbert space, then |(x, )| < |lx]|ll|v]l.

Proof.

\|x-(x.y)y|
\\‘/
\
\
\
\

//

P
75|z )
y

Fig. 2.Schwar’s Inequality

When y = 0, the result is clear, for both sides vanish. When y # 0, the inequality is
equivalent to [(x,y/llyID] < llx|l. We may therefore confine our attention to proving that if
llyll = 1, then we have |(x,y)| < ||x]|| for all x. This is a direct consequence of the fact that
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0 < llx — Ge, vl
== (y)y,x—(xy)y)
= (60 — () — @Y + @G, Y)
= () — (%) y)
= lxI|?
= |G, »I?
An inspection of Fig. 36 will reveal the geometric motivation for this computation.

It follows easily from Schwarz’s inequality that the inner product in a Hilbert space is

jointly continuous:
xp > xand y, >y = (Xu,y0) > (x,y)
To prove this, it suffices to observe that
|Geny ) — (6 Y] = 1(xn, y0) = () + (2, y) — ()
< G yn) = G, |+ [Gen, y) = (2, 3)]
= [Cen, yn = M = 1(xn, x, )
< llxallllyn = ¥l + llxn — x|yl

A well-known theorem of elementary geometry states that the sum of the squares of the
sides of a parallelogram equals the sum of the squares of its diagonals. This fact has an analogue

in the present context, for in any Hilbert space the so-called parallelogram law holds:
llx + 1% + llx — 17 = 2[lx|I* + 2[lyll?

This is readily proved by writing out the expression on the left in terms of inner products:
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lx+ylI2+1lx =ylI?=Gx+y,x—y) +x-yx—y)
=)+ )+ @0+ Gy +00x) - 00y) — 0+ 0,y)
=2(x,x) +2(y, )
= 2||x|I> + 2llylI?

The parallelogram law has the following important consequence for our work in the next

section.

Theorem 2.10 : A closed convex subset C of a Hilbert space H contains a unique vector of

smallest norm.
Proof.

We recall from the definition in Problem 32-5 that since C is convex, it is non-empty and

contains (x + y)/2 whenever it contains x and y.

Letd = inf {|lx||:x € C}. There clearly exists a sequence {x,,} of vectors in C such that

Il - d.

By the convexity of C, (x,, + x,,)/2 isin C and |[(x,,, + x,,)/2|| = d, s0 || (%, + x| =

2d. Using the parallelogram law, we obtain
”xm + xnllz = 2“xm”2 + 2“xn”2 - ”xm + xnllz
< 2”xm”2 + lexnllz - 4d2

and since 2||x, 1% + 2||x,||1? —4d? - 2d? + 2d? — 4d? = 0, it follows that {x,} is a

Cauchy sequence in C.

Since H is complete and C is closed, C is complete, and there exists a vector x in C such
that x,, —» x. It is clear by the fact that ||x|| = ||lim x, || = lim||x,,|| = d that x is a vector in C

with smallest norm.
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To see that x is unique, suppose that x’ is a vector in C other than x which also has norm

d. Then (x + x")/2 is also in C, and another application of the parallelogram law yields

m?2

xX—x
2

x+x'
2

el Hlx?
) 2

lxll® | llx'lI?
2 2

= d2
which contradicts the definition of d.
The parallelogram law has another interesting application, which depends on the fact that
in any Hilbert space the inner product is related to the norm by the following identity:
406, y) = llx + ylI> = llx = ylI> + illx + iyl = illx — iyll® )
This is easily verified by converting the expression on the right into inner products.

Theorem 2.11 : If Bis a complex Banach space whose norm obeys the parallelogram law, and if

an inner product is defined on B by (2), then B is a Hilbert space.
Proof.

All that is necessary is to make sure that the inner product defined by (2) has the three

properties required by the definition of a Hilbert space.

This is easy in the case of properties (2) and (3). Property (1) is best treated by splitting it

into two parts:

x+y,2) =(x2)+ (2

and (ax,y) = a(x,y). The first requires the parallelogram law, and the second follows

from the first. We ask the reader (in Problem 6) to work out the details.
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This result has no implications at all for our future work. However, it does provide a
satisfying geometric insight into the place Hilbert spaces occupy among all complex Banach

spaces: they are precisely those in which the parallelogram law is true.
Problems

1. Show that the series which defines the inner product in Example 2 is convergent.
2. The Hilbert cube is the subset of [,, consisting of all sequences
X ={x1, X0, 0, Xy, oo }
such that |x,| < 1/n for all n. Show that this set is compact as a subspace of [,
3. For the special Hilbert space [7, use Cauchy’s inequality to prove Schwarz’s inequality.
4. Show that the parallelogram law is not true in I7 (n > 1).
5. In a Hilbert space, show that if||x|| = |ly|| = 1, and if € > 0 is given, then there exists
5> 0 such that [[(x+y)/2]l>1-6=|lx—yl|l <e. A Banach space with this
property is said to be uniformly convex. See Taylor (41, p. 231].

6. Give a detailed proof of Theorem C.
2.4 : ORTHOGONAL COMPLEMENTS

Two vectors x and y in a Hilbert space H are said to be orthogonal (written x L y) if

(x,y) = 0. Thesymbol L is often pronounced “perp.” Since (x,y) = (y,x), wehavex Ly &
y L x. ltis also clear that x L 0 for every x, and (x,x) = ||x||? shows that 0 is the only vector
orthogonal to itself. One of the simplest geometric facts about orthogonal vectors is the

Pythagorean theorem:
x Ly=|lx+yll* = llx—ylI* = llxlI* + lIyll?

A vector x is said to be orthogonal to a non-empty set S (written x LS) if x 1L y for
every y in S, and the orthogonal complement of S—denoted by S+—is the set of all vectors

orthogonal to S. The following state- ments are easy consequences of the definition:
{0}* = H; H+ = {0}
sSnstc{o}
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S,ES, >S5+ 2S84
S+ is a closed linear subspace of H.
It is customary to write (S4)* in the form S++. Clearly, § € S++

Let M be a closed linear subspace of H. We know that M+ is also a closed linear
subspace, and that M and M+ are disjoint in the sense that they have only the zero vector in
common. Our aim in this section is to prove that H = M @ M+, and each of our theorems is a

step in this direction.

Theorem 2.12 : Let M be a closed linear subspace of a Hilbert space H, let x be a vector not in

M, and let d be the distance from x to M. Then there exists a unique vector y, in M such that

llx — yoll = d.
Proof.

The set C = x + M isa closed convex set, and d is the distance from the origin to C
(see Fig. 2).

By Theorem, there exists a unique vector z, in C such that ||z,|| = d. The vector y, =

x — zyis easily seento be in M, and ||x — yoll = lIzol| = d.

The uniqueness of y, follows from the fact that if y, is a vector in M such thaty, # y,
and ||lx — y,|| = d, then z; = x — y, is a vector in C such that z; # z, and ||z,|| = d, which

contradicts the uniqueness of z,.
We use this result to prove

Theorem 2.13 : If M is a proper closed linear subspace of a Hilbert space H, then there exists a

non-zero vector z, in H such that z, L M.
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Proof.

Let x be a vector not in M, and let d be the distance from x to M. By Theorem, there

exists a vector y, in M such that ||x — y,|| = d.

We define z, by z, = x — y, (see Fig. 37), and we observe that since d > 0, z, is a non-
zero vector. We conclude the proof by showing that if y is an arbitrary vector in M, then z, L y.

For any scalar a, we have

llzo —ayll = llx = (o + ay)ll = d = llzl
so |lzy — ayll* = lIzpll* = 0
and —a(zy,y) — a(zy,y) + lal?|lyll* = 0 (1)

If we put @ = B(z,,y) for an arbitrary real number g, then (1) becomes

—2B1(zo, VI + B21(zo, MI*llylI> = 0

If we now put @ = |(z,, ¥)|? and ||y||?, we obtain

—2Ba + B%ab = 0
so Ba(Bb—12) =0 (2)

for all real 5. However, if a > 0, then (2) is obviously false for al sufficiently small

positive . We see from this that a = 0, which means that z, L y.
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Fig. 37

This proof of Theorem B may strike the reader as being excessively dependent on
ingenious computations. If so, he will be pleased to learn that the ideas developed in the next

sec- tion can be used to provide another proof which is free of computation.

In order to state our next theorem, we need the following additional concept. Two non-
empty subsets S; and S, of a Hilbert space are said to be orthogonal (written S; L S,) if x L y for

allzinS;and yin S,.

Theorem 2.14 : If M and N are closed linear subspaces of a Hilbert space H such that M L N,

then the linear subspace M + N is also closed.
Proof.

Let z be a limit point of M + N. It suffices to show that z is in M + N. There certainly

exists a sequence {z,}in M + N such that z, — z.

By the assumption that M L N, we see that M and N are disjoint, so each z,, can be

written uniquely in the form z,, = x,, + y,,, where x,,, isin M and y,, isin N.
The Pythagorean theorem shows that ||z, — z,|1? = llx, — X1 + 1V — Yall?s0 {x,}

and {y, } are Cauchy sequences in Mand N.

Manenmaniam Sundaranar Univewsity, Divectorate ef Distance and Continuing Education, Tiwunelveli
53



M and N are closed, and therefore complete, so there exist vectors x and y in M and N
such that x,, = x and y,, = y. Since x + y is in M + N, our conclusion follows from the fact

that z = lim z, = lim (x, + y,,) =limx, + limy, = x+y.

The way is now clear for the proof of our principal theorem.
Theorem 2.15 : If M is a closed linear subspace of a Hilbert space H, then H = M @ M*.
Proof.

Since M and M+ are orthogonal closed linear subspaces of H, Theorem C shows that

M + M+ is also a closed linear subspace of H.

We prove that M + M+ equals H. If this is not so, then by Theorem B there exists a
vector z, # 0 such that z, L (M + M*).

This non-zero vector must evidently lie in M+ n M++; and since this is impossible, we

inferthat H = M + M+,

To conclude the proof, it suffices to observe that since M and M+ are disjoint, the
statement that H = M + M~ can be strengthenedto H = M @ M*.

The main effect of this theorem is to guarantee that a Hilbert space is always rich in

projections.

In fact, if M is an arbitrary closed linear subspace of a Hilbert space H, then it shows that
there exists a projection defined on H whose range is M and whose null space is M+. This

satisfactory state of affairs is to be contrasted with the situation in a general Banach space.
Problems

1. If Sis a non-empty subset of a Hilbert space, show that S+ = §+++,

2. If M is a linear subspace of a Hilbert space, show that M is closed & M = M++,

3. If S is a non-empty subset of a Hilbert space H, show that the set of all linear
combinations of vectors in S is dense in H & S+ = {0}.
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4. If Sisa non-empty subset of a Hilbert space H, show that S+ isthe closure of the set of
all linear combinations of vectors in S. This is usually expressed by saying that S++ is the

smallest closed linear subspace of H which contains S.
2.5: ORTHONORMAL SETS

An orthonormal set in a Hilbert space H is a non-empty subset of H which consists of
mutually orthogonal unit vectors; that is, it is a non-empty subset {e;} of H with the following

properties:

1. l¢]=>eLJ_e],

2. |le;ll = 1 foreveryi.

If H contains only the zero vector, then it has no orthonormal sets. If H contains a non-
zero vector x, and if we normalize x by considering e = x/||x||, then the single-element set {e}
is clearly an orthonormal set. More generally, if {x;} is a non-empty set of mutually orthogonal
non- zero vectors in H, and if the x;’s are normalized by replacing each of them by e; = x;/|[x;||,

then the resulting set {e;} is an orthonormal set.

Example 1. The subset {e,, e,, ..., e,,} of [}, where e; is the n-tuple with 1 in the ithplace and 0’s

elsewhere, is evidently an orthonormal set in this space.

Example 2. Similarly, if e, is the sequence with 1 in the nth place and 0’s elsewhere, then

{e,, e, ..., e, ... } isan orthonormal set in [,.

At the end of this section, we give some additional examples taken from the field of

analysis.

Every aspect of the theory of orthonormal sets depends in one way or another on our first

theorem.
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Theorem 2.16 : Let {ey, e,, ..., e,} be a finite orthonormal set in a Hilbert space H. If x is any

vector in H, then

n
Dl edl? < lxll? ®
i=1
n
further, x— Z(x, e;e; L e; (2)
i=1

for each j.
Proof.

The inequality (1) follows from a computation similar to that used in proving Schwarz’s

inequality:

2

0<

n

x — Z(x, e;e;
i=1
n n

=|x- Z(x, e;)e;x — Z(x, ej)ej
i=1 =1

= (x,x) — Z(x, e;)(x,e;) — Z(x, e]-)(x, ej) + Z Z(x, el-)(x, e]-) (ei, e]-)
i=1 =1

i=1j=1

n
= Il = ) 1 enl?
i=1

To conclude the proof, we observe that

(x — Z(x, e;)e; ej) = (x, ej) - Z(x. e)(e; e) = (x, ej) - (x, ej) =0

from which statement (2) follows at once.
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The reader should note that the inequality (1) can be given the following loose but
illuminating geometric interpretation: the sum of the squares of the components of a vector in

various perpendicular directions does not exceed the square of the length of the vector itself.

This is usually called Bessel’s inequality, though, as we shall see below, it is only a

special case of a more general inequality with the same name.

In a similar vein, relation (2) says that if we subtract from a vector its com- ponents in
several perpendicular directions, then the result has no com- ponent left in any of these

directions.

Our next task is to prove that both parts of Theorem 2.16 generalize to the case of an
arbitrary orthonormal set. The main problem hereis to show that the sums in (1) and (2) can be
defined in a reasonable way when no restriction is placed on the number of e;’s under

consideration. The key to this problem lies in the following theorem.

Theorem 2.17 : If {e;}is an orthonormal set in a Hilbert space H, and if x is any vector in H,

then the set S = {e;: (x, e;) # 0}is either empty or countable.
Proof.
For each positive integer n, consider the set
Sp = {ei: [(x, e)1? > [Ix]1?/n}

By Bessel’s inequality, S,, contains at most n — 1 vectors. The con- clusion now follows

from the fact that S =U;_; S,
As our first application of this result, we prove the general form of Bessel’s inequality.
Theorem 2.18 (Bessel’s Inequality) : If {e;}is an orthonormal set in a Hilbert space H, then

Y, e)|? < llx]|? (3)

for every vector x in H.
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Proof.

Our basic obligation here is to explain what is meant by the sum on the left of (3). Once
this is clearly understood, the proof is easy.

As in the preceding theorem, we write S = {e;: (x,e;) # 0}. If S is empty, we define

Y |(x, e;)|%to be the number 0; and in this case, (3) is obviously true.

We now assume that S is non-empty, and we see from Theorem 2.17 that it must be

finite or countably infinite.

If S is finite, it can be written in the form S = {e,, e,, ..., e,,, .. }for some positive integer
n. In this case, we define ¥|(x, ;)% to be %2,|(x, e;)|?, which is clearly independent of the

order in which the elements of S are arranged.

The inequality (3) now reduces to (1), which has already been proved. All that remains is
to consider the case in which S is countably infinite.

Let the vectors in S be arranged in a definite order:
S={eey..,en..}

By the theory of absolutely convergent series, if %72,|(x, e;)|? converges, then every
series obtained from this by rearranging its terms also con- verges, and all such series have the

same sum.

We therefore define Y|(x,e;)|? to be Y_;|(x, e,)|%, and it follows from the above
remark that Y| (x, e;)|? is a non-negative extended real number which depends only on S, and not

on the arrangement of its vectors.

We conclude the proof by observing that in this case, (3) reduces to the assertion that

Dl el < lixl? @
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and since it follows from (1) that no partial sum of the series on the left of (4) can exceed

lx]1?, it is clear that (4) itself is true.
The second part of Theorem A is generalized in essentially the same way.
Theorem 2.19 : If {e;} is an orthonormal set in a Hilbert space H, and if x is an arbitrary vector

in H, then

x = X(x,e)e; L e ®)

for each j.
Proof.

As in the above proof, we define Y.(x, e;)e; for each of the various cases, and we prove

(5) as we go along. We again write
S ={e;: (x,e;) # 0}

When S is empty, we define Y.(x, e;)e; to be the vector 0, and we observe that (5) reduces

to the statement that x — 0 = xis orthogonal to each e;, which is precisely what is meant by

saying that S is empty. When S is non-empty and finite, and can be written in the form

S={ej ey .., ey}

we define Y (x,e;)e; to be X, (x,e;)e; and in this case, (5) reduces to (2), which has

already been proved.

We may assume for the remainder of the proof that S is countably infinite. Let the vectors
in S be listed in a definite order: S = {ey, e, ..., €, ... . We put s, = Y7, (x, €;)e;, and we note

that for m > n we have

2 m
s = sall? = = > weel

i=n+1

i=n+1
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Bessel’s inequality shows that the series Y1, |(x, ;)e;|? converges, so {s,} is a Cauchy
sequence in H; and since H is complete, this sequence converges to a vector s, which we write in

the form s = Y0, (x, e, ep.

We now define Y.(x, e;)e; to be X7, (x, e,)e,, and deferring for a moment the question
of what happens when the vectors in S are rearranged we observe that (5) follows from (2) and

the continuity of the inner product:
(x = X(x ede;,e) = (x —s,¢;)
= (x.¢)) = (s.¢))
= (x,¢;) — (lims,, ¢;)
= (x, ) — lim(s,, €))
= (x,¢) — (x.¢))
=0

All that remains is to show that this definition of ¥:(x, e;)e; is valid, in the sense that it

does not depend on the arrangement of the vectors in S.Let the vectors in S be rearranged in any

manner:

S={fufor o fr}

We put S;, = 27, (x;f;) f; and we see—as above—that the sequence {s;,} converges to a

limit s’, which we write in the forms’ = }.>°_; (x, ) f-

We conclude the proof by showing that s’ equals s. Let € > 0 be given, and let no be a
positive integer so large that if n > n, then |[s, —s|l < ¢, |ls;, = s'll < e and X2, 41(x, e)|? <

e?. For some positive integer m, > ny, all terms of s,, ; occur among those of s, S0 sy, — sy, i

a finite sum of terms of the form (x, ej)eifori =nyo+1,ny+2..
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This yields||sp, — Sny || < o1l (6 €12 < €2 50 ||syn, — 5, || < €and
Is” = sl < ls" = sing | + Ity = 5n, [l + lsng = sl
<e+e+te
= 3e
Since € is arbitrary, this shows that s* = s.

Let H be a non-zero Hilbert space, so that the class of all its orthonormal sets is non-

empty.

This class is clearly a partially ordered set with respect to set inclusion. An orthonormal
set {e;} in H is said to be complete if it is maximal in this partially ordered set, that is, if it is
impossible to adjoin a vector e to {e;} in such a way that {e;e} is an orthonormal set which

properly contains {e;}.
Theorem 2.20 : Every non-zero Hilbert space contains a complete orthonormal set.

Proof : The statement follows at once from Zorn’s lemma, since the union of any chain of
orthonormal sets is clearly an upper bound for the chain in the partially ordered set of all

orthonormal sets.

Orthonormal sets are truly interesting only when they are complete. The reasons for this

are presented in our next theorem.

Theorem 2.21 : Let H be a Hilbert space, and let {e;} be an orthonormal set in H. Then the

following conditions are all equivalent to one another:

(1) {e;}is complete;
2 xL{e}=x=0
(3) if xis an arbitrary vector in H, then x = Y.(x, e;)e;

(4) if xis an arbitrary vector in H, then ||x||? = 3| (x, e;)|?.
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Proof.

We prove that each of the conditions (1), (2), and (3) implies the one following it and that
(4) implies ().

(1) = (2). If (2) is not true, there exists a vector x # 0 such thatx L {e;}. We now define
e by e = x/||x]||, and we observe that {e;e}is an orthonormal set which properly contains {e;}.

This contradicts the completeness of {e;}.

(2) = (3). By Theorem D, x — Y.(x, e;)e; is orthogonal to {e;}, so (2) implies that x —
Y(x,e;)e; = 0, or equivalently, that x = Y.(x, e;)e;.

(3) = (4). By the joint continuity of the inner product, the expression in (3) yields
llx|I? = (x, x)
= (X ee, X (x ¢)e)
= X(x e)(x,e)
=YI(x, e)|?

(4) = (1). If {e;} is not complete, it is a proper subset of an orthonormal set {e;e}. Since e
is orthogonal to all the e;’s, (4) yields |le]|? = Y|(e,e;)|? = 0, and this contradicts the fact that e

is a unit vector.

There is some standard terminology which is often used in connection with this theorem.
Let {e;} be a complete orthonormal set in a Hilbert space H, and let x be an arbitrary vector in H.
The numbers (x,e;) are called the Fourier coefficients of x, the expression x = Y.(x, e;)e;; is
called the Fourier expansion of x, and the equation ||x|[?> = }}|(x,e;)|? is called Parseval’s
equation—all with respect to the particular complete ortho- normal set {e;} under consideration.

These terms come from the classical theory of Fourier series, as indicated in our next example.

Example 3. Consider the Hilbert space L, associated with the measure space [0,27], where
measure is Lebesgue measure and integrals are Lebesgue integrals! This space essentially
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consists of all complex functions f defined on [0,27r] which are Lebesgue measurable and
squareintegrable, in the sense that

f FGOI? dx < oo
0

Its norm and inner product are defined by

2m 1/4
IfIl = ( f |f<x>|2dx>
0

2

and (f,g)=f f(x) g(x)dx
0

A simple computation shows that the functions e‘®s, for
n=0+142, ..,

are mutually orthogonal in L,:

2T
f ee‘i“xdxz{o m#£n
0 2T m=n

It follows from this that the functions e, (n = 0,£1,%2,...) defined by

e, (x) = e /+/2m form an orthonormal set in L,. For any function f in L,, the numbers

1 fZ” .
c, = (f,e,) =— x)e " dx 6
n = (f,en) Nz f) (6)
are its classical Fourier coefficients, and Bessel’s inequality takes the form

i lca|? < J:n |f(x)|? dx

n=-—oo

It is a fact of very great importance in the theory of Fourier series that the orthonormal set

{e,} is complete in L,. As we have seen in Theorem F, the completeness of {e,,} is equivalent to
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the assertion that for every f in L,, Bessel’s inequality can be strengthened to Parseval’s

equation:
had 2m
> leal?= [ @l ax
n=-co 0

Theorem F also tells us that the completeness of {e,} is equivalent to the statement that

each f in L, has a Fourier expansion:

1 - .
fx) = Ezm Cre ()

It must be emphasized that this expansion is not to be interpreted as saying that the series
converges pointwise to the function. The meaning of (7) is that the partial sums of the series, that

is, the vectors f;, in L, defined by

1 .
f() = 7= kz L ()

converge to the vector f in the sense of L,:

Ifo = fIl =0

This situation is often expressed by saying that f is the limit in the mean of the f,’s. We

add one final remark to our description of this portion of the theory of Fourier series.

If f is an arbitrary function in L, with Fourier coefficients c,, defined by (6), then

Bessel’s inequality tells us that the series Y- _o|c, | converges.

The celebrated Riesz-Fischer theorem asserts the converse: if ¢, (n = 0,+1,+2,...)
are given complex numbers for which »%__|c,|*converges, then there exists a function f in

L,, whose Fourier coefficients are the c¢,,’s.
If we grant the completeness of L, as a metric space, this is very easy to prove.
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All that is necessary is to use the c,’s to define a sequence of f,,’s in accordance with

(8). The functions eﬁ form an orthonormal set, so for m > n we have

W =il = > el ©

|k|=n+1

By the convergence of >%°__.|c,|? the sum on the right of (9) can be made as small as

we please for all sufficiently large n and all m > n.

This tells us that the f;,’s form a Cauchy sequence in L,; and since L,is complete, there

exists a function f in L, such that f,, — f.

This function f is given by (7), and the c,’s are clearly its Fourier coefficients. It is
apparent from these remarks that the essence of the Riesz-Fischer theorem lies in the

completeness of L, as a metric space.

We shall have use for one further item in the general theory of orthonormal sets, namely,

the Gram-Schmidt orthogonalization process.

Suppose that {x;, x5, ..., x,, ...} is a linearly independent set in a Hilbert space H. The
problem is to exhibit a constructive procedure for converting this set into a corresponding
orthonormal set {e;,e,, ..., e,, ...} with the property that for each n the linear subspace of H

spanned by {e;, e,, ..., e,,} is the same as that spanned by {x;, x,, ..., x,,}.

Our first step is to normalize z,;—which is necessarily non- zero—by putting

X1

A

€

The next step is to subtract from z2 its component in the direction of e; to obtain the

vector x, — (x,e;)e; orthogonal to e,, and then to normalize this by putting

X2 (xze1)eq
llx; — (xzeq)el

=)
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We observe that since x, is not a scalar multiple of x;, the vector x, — (x,e;)e; is not
zero, so the definition of e, is valid. Also, it is clear that e, is a linear combination of x; and x,,
and that x, is a linear combination of e; and e,. The next step is to subtract from x, its
components in the directions of e; and e, to obtain a vector orthogonal to e, and e,, and then to

normalize this by putting

x3 — (xze1)e; — (xze3)e;
|23 — (x3€1)e; — (x3€3)e,]|

e3=|

If this process is continued in the same way, it clearly produces an orthonormal set

{e1, ez, ..., ey, ... } With the required property.

Example 4. Many orthonormal sets of great interest and importance in analysis can be obtained

conveniently by applying the Gram-Schmidt process to sequences of simple functions.

(@) In the space Ly associated with the interval [—1,1], the functions x, (n =
0,1,2,...) are linearly independent. If we take these functions to be the x,,’s in the Gram-
Schmidt process, then the e,,’s are the normalized Legendre polynomials.

(b) Consider the space L, over the entire real line. If the x,,’s here are taken to be the

x2
functions x,e 2 (n = 0,1,2,...), then the corresponding e,,’s are the normalized Hermite

functions.
(c) Consider the space L,. associated with the interval [0, +o0). If the x,,’s are the

functions x,e™ (n = 0,1, 2,...), then the e,,’s are the normalized Laguerre functions.

Each of the orthonormal sets described in the above example can be shown to be
complete in its corresponding Hilbert space. The analysis involved in a detailed study of these
matters is quite complicated and has no proper place in the present book. The reader should
recognize, however—and this is our only reason for mentioning the material in Examples 3 and
4—that the theory of Hilbert spaces does have significant contacts with many solid topics in

analysis.
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Problems

1. Let{eq, ey, ..., €, } bea finite orthonormal set in a Hilbert space H, and let x be a vector in
H. If ay, ay, ..., a, are arbitrary scalars, show that |[x — X7-; a;e;|| attains its minimum
value &

a; = (x,e;)
for each i. (Hint: expand ||lx — X1~ a;e;ll, add and subtract }.7-,|(x, e;)|?, and obtain an
expression of the form X, | (x, e;) — ailz{? in the result.)

2. Show that the orthonormal sets described in Examples 1 and 2 are complete.

3. Show that every orthonormal set in a Hilbert space is contained in some complete
orthonormal set, and use this fact to give an alternative proof of Theorem 53-B.

4. Prove that a Hilbert space H is separable = every orthonormal set in His countable.

5. Show that an orthonormal set in a Hilbert space is linearly independent, and use this to
prove that a Hilbert space is finite-dimensional < every complete orthonormal set is a

basis.

6. Prove that any two complete orthonormal sets in a Hilbert space H have the same
cardinal number. This cardinal number is called the orthogonal dimension of H (if H has

no complete orthonormal sets, its orthogonal dimension is said to be 0).
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UNIT -3

3.1 THE CONJUGATE SPACE H*

We pointed out in the introduction to this chapter that one of the fundamental properties
of a Hilbert space H is the fact that there is a natural correspondence between the vectors in H
and the functionals in H*. Our purpose in this section is to develop the features of this

correspondence which are relevant to our work with operators in the rest of the chapter.

Let y be a fixed vector in H, and consider the function f, defined onH by f,(x) =

(x,¥). Itis easy to see that f, is linear, for
fy(x1 4+ x3) = (%1 + x5, ¥)
= (1, ) + (x2,9)
= £, (x1) + £, (x2)
and
fy(ax) = (ax,y)
=a(x,y)
= afy, (x)
Further, £, is continuous and is therefore a functional, for Schwarz’s inequality gives
|1, = 1Ge, »)
< llx Iyl

which shows that||f, || < llyll. Even more, equality is attained here, that is, ||£, || = llyll.

Thisisclear if y = 0;and if y # 0, it follows from

1A'= sup{lf G Il = 1}
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=

)

|

= lIyll

To summarize, we have seen that y — f;,, is a norm-preserving mapping of H into H*.
This observation would be of no more than passing interest if it were not for the fact that every

functional in H* arises in just this way.

Theorem 3.1 : Let H be a Hilbert space, and let f be an arbitrary functional in H*. Then there

exists a unique vector y in H such that
fOx) =(x,) (1)
for every xin H.
Proof.
It is easy to see that if such a y exists, then it is necessarily unique.

For if we also have f(x) = (x,y’) for all x, then (x,y") = (x,y)and (x,y’— y) = 0
for all x; and since 0 is the only vector orthogonal to every vector, this implies that y — y =

Oory’ = y.

We now turn to the problem of showing that y does exist. If f = 0, then it clearly

suffices to choose y = 0.

We may therefore assume that f # 0. The null space M of f is thus a proper closed linear

subspace of H, and by Theorem, there exists a non-zero vector yo which is orthogonal to M.
We show that if a is a suitably chosen scalar, then the vector y = ay, meets our

requirements. We first observe that no matter what a may be, (1) is true for every x in M;
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for f(x) = 0 for such an x, and since x is orthogonal to y,, we also have (x,y) = 0. This
allows us to focus our attention on choosing « in such a way that (1) is true for x = y,. The

condition this imposes on « is that

12

fo) = (o, ayo) = allyo

We therefore choose a to be f(y,)/llvoll%, and it follows that (1) is true for every x in M
and for x = y,.

It is easily seen that each x in H can be written in the form x = m + By, with m in M:
all that is necessary is to choose S in such a way thatf(x — By,) = f(x) — Bf (y,) = 0, and this

is accomplished by putting = £ (x)/f (vo).
Our conclusion that (1) is true for every x in H now follows at once from
fG) = fm+ Byo)
= f(m) + Bf (o)
= (m,y) + (o, ¥)
= (m+ Byo,y)

= (x,y)

This result tells us that the norm-preserving mapping of H into H* defined by

y = fy where f,(x)=(x,y) ()

is actually a mapping of H onto H*, It would be pleasant if (2) were also a linear

mapping., This is.not quite true, however, for

foitys =t hy, and fo =af, 3
It is an easy consequence of (3) that the mapping (2) is an isometry, for|| f — fy|| =

| f=y|l = llx — yIl. We state several interesting additional facts about this mapping (and what it

Manenmaniam Sundaranar Univewsity, Divectorate ef Distance and Continuing Education, Tiwunelveli
70



enables us to do) in the problems, and we leave their verification to the reader. It should be
remembered, however, that the real significance of this entire circle of ideas lies in its influence

on the theory of the operators on H. We begin the treatment of these matters in the next section.
Problems

1. Verify relations (3).

2. Let H be a Hilbert space, and show that H* is also a Hilbert space with respect to the
inner product defined by (f;,f,) = (¥, x). In just the same way, the fact that H* is a
Hilbert space implies that H** is a Hilbert space whose inner product is given by
(Fr. B) = (9. ).

3. Let H be a Hilbert space. We have two natural mappings of H into H**, the second of
which is onto: the Banach space natural imbedding f — F,where E.(f) = f(x), and the
product mapping x — f, = Ff, where f,.(y) = (y,x) andFg (f) = (f, f;). Show that

these mappings are equal, and conclude that H is reflexive. Show also that (Fx,Fy) =

(x,y).
3.2 THE ADJOINT OF AN OPERATOR

Throughout the rest of this chapter, we focus our attention on a fixed but arbitrary Hilbert
space H, and unless we specifically state otherwise, it is to be understood that H is the context for

all our discussions and theorems.

Let T be an operator on H. We saw in Sec. 51 that T gives rise to an operator T* (its

conjugate) on H*, where T* is defined by

(T"f)x = f(Tx)
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Fig. 3.1. The conjugate and the adjoint of T

We also saw that the mapping T — T* is an isometric isomorphism of C(H) into C(H*)

which reverses products and preserves the identity transformation.

In the same way, T* gives rise to an operator T** on H**; and since H is reflexive, it

follows that T** = T when H** is identified with H by means of the natural imbedding.
These statements depend only on the fact that H is a reflexive Banach space.

We now bring its Hilbert space character into the picture, and we use the natural
correspondence between H and H* discussed in the previous section to pull T* down to H. The

details of this procedure are as follows (see Fig. 3.1).

Let y be a vector in H, and £, its corresponding functional in H*; operate with T* on Fig.
3.1. The conjugate and the f, to obtain a functional f, = T*f,and adjoint of T return to its
corresponding vector z in H.
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There are three mappings under consideration here, and we are forming their product:

y_)fy_)T*fy=fz_>Z (1)
We write z = T*y, and we call this new mapping T* of H into itself the adjoint of T. The

same symbol is used for the adjoint of 7 as for its conjugate because these two mappings are

actually the same if H and H* are identified by means of the natural correspondence.

It is easy to keep track of whether T* signifies the conjugate or the adjoint of T by

noticing whether it operates on functionals or on vectors.

The action of the adjoint can be linked more closely to the structure of H by observing
that for every vector x we have (T*f;,)x = f,(Tx) = (Tx,y) and (T*f, )X = £;,(X) = (X,2) = (X, T*y),

so that

(Tx,y) = (x,T*y) 2)

Forallxand y. Equation (2) ismuch more than merely a property of the adjoint of T, for it

uniquely determines this adjoint.

The proof is simple: if T’ is any mapping of H into itself such that (Tx,y) = (x, T'y) for
all x and y, then (x,T'y) = (x, T*y) for all x, so T’y = T*y~?! and since the latter is true for all
y, T =T~

Our remarks in the above paragraph have shown that to each operator T on H there
corresponds a unique mapping T* of H into itself (called the adjoint of T) which satisfies relation
‘(2) for all x and y.

There is a more direct but less natural approach to these ideas, one which avoids any

reference to the conjugate of T.

If y is fixed, it is clear that the expression (Tx,y) is a scalar-valued continuous linear
function of x. By Theorem, there exists a unique vector z such that (Tx,y) = (x,z) for all x.
We now write z = T*y, and since y is arbitrary, we again have relation (2) for all x andy. The

fact that T* is uniquely determined by (2) follows just as before.
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The principal value of our approach to the definition of the adjoint (as opposed to that

just mentioned) lies in the motivation it provides for considering adjoints at all.

We can express this by emphasizing that an operator on a Banach space always has a
conjugate which operates on the conjugate space; and when the Banach space happens to be a
Hilbert space, then, as we have seen, the natural correspondence discussed in the previous
section makes it almost inevitable that we regard the conjugate as an operator on the space itself.
Once the definition of the adjoint is fully understood, however, there is no further need to
mention conjugates. All our future work with adjoints will be based on Eq. (2), and from this

point on, the symbol T* will always signify the adjoint of T (and never its conjugate).

As our first step in exploring the properties of adjoints, we verify that T* actually is an
operator on H (all we know so far is that it maps A into itself). For any y and z, and for all x, we

have
(x,T*(y + z)) = (Tx,y + z)
= (Tx,y) + (Tx, z)
=(xTy)+ (xT*z)
=(xTy+T"z)
SO
T*(y+2)=T'y+T'z

The relation T*(ay) = aT*y

is proved similarly, so T* is linear. It remains to be seen that T* is continuous; and to

prove this, we note that
IT*ylI> = (T*y, T*y)
= (TT"y,y)
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< ITTylllyll
< ITINT=ylllyl
implies that ||[T*y|l < [IT|||[y]l for all y, so
7|l < [IT]|

These facts tell us that T — T* is a mapping of C(H) into itself. This mapping is called
the adjoint operation on C(H).

Theorem 3.2. The adjoint operation T-T* on C(H) has the following properties:

D M+T)=T{+T;
2 (a)*=aT*;

@) (T =T(T;

(4) T**=T

® Tl =TI

© T T =TI

Proof.

The arguments used in proving (1) to (4) are all essentially the same. As an illustration of

the method, we observe that (3) follows from the fact that for all x and y we have
(x, (T1T2)"y) = (T, Tox,y)
= (Tyx, T1y)
= (x, T;T1y)

To prove (5), we note that we already have||T*|| < ||T||; and if we apply this to T*
instead of T and use (4), we obtain ||T|| = ||T**|| < ||T*||. Half of (6) follows from (5) and the
inequality (5), for

WT=TIl < IT*ITII
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= [ITITII
= ITII?
and the fact that ||T||? < ||T*T|lis an immediate consequence of
ITx||?> = (Tx, Tx)
= (T*Tx,x)
= [IT*Tx|ll|x|]
< IT*Tllx|I?

The presence of the adjoint operation is what distinguishes the theory of the operators on
H from the more general theory of the operators on a reflexive Banach space. In the next three
sections, we use this operation as a tool by means of which we single out for special study

certain types of operators on H whose theory is particularly complete and satisfying.
Problems

1. Prove parts (1), (2), and (4) of Theorem A.

2. Show that the adjoint operation is one-to-one onto as a mapping of C(H) into itself.

3. Show that 0* = 0 and I* = I. Use the latter to show that if T is non-singular, then T* is
also non-singular, and that in this case (T*)~! = (T~1)*.

1. 4, Show that ||T*T|| = |IT]|?.

3.3 SELF-ADJOINT OPERATORS

There is an interesting analogy between the set C(H) of all operators on our Hilbert space
H and the set C of all complex numbers. This can be summarized by observing that each is a
complex algebra together with a mapping of the algebra onto itself (T->T* and z — Zz) and that
these mappings have similar properties. We shall see that this analogy is quite useful as an
intuitive guide to the study of the operators on H. The most significant difference between these
systems is that multi- plication in the algebra C(H) is in general non-commutative, and it will
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become clear as we proceed that this is the primary source of the much greater structural

complexity of C(H).

The most important subsystem of the complex plane is the real line, which is
characterized by the relation z = z. By analogy, we consider those operators A on H which
equal their adjoints, that is, which satisfy the condition A = A*. Such an operator is said to be
self-adjoint. The self-adjoint operators on H are evidently those which are related in the simplest

possible way to their adjoints.

We know that 0* =0 and I* =1, so 0 and | are self-adjoint. It A; and A, are self-adjoint,

and if a and S are real numbers, then
(ad; + .BAZ)* =aA] + .EA;
= CZA1 + ﬁAZ

shows that a4, + BA, is also self-adjoint. Further, if {4,} isa sequence of self-adjoint

operators which converges to an operator A, then it is easy to see that A is also self-adjoint; for
A=Al < [|A = Al + 14, — ARl + 1A — A7l
=14 = Apll + I (4, — A"l
=14 = Al + |4, — All
=2|l4, —All -0
shows that A — A* =0, so A = A*. These remarks yield our first theorem.

Theorem 3.3 : The self-adjoint operators in ¢(H) form a closed real linear subspace of C(H)—

and therefore a real Banach space which contains the identity transformation.

The reader will notice that we have said nothing here about the product of two self-
adjoint operators. Very little is known about such products, and the following simple result

represents almost the extent of our information.
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Theorem 3.4 : If A; and A,are self-adjoint operators on H, then their product A, A,is self-adjoint
[—4 A1A2 = AzAl.

Proof.
This is an obvious consequence of
(4,4;)" = A3AT = AzA,

The order properties of self-adjoint operators are more interesting, and we devote the

remainder of the section to establishing some of the simpler facts in this direction.
If T is an arbitrary operator on H, it is easy to see that
T=0e (Tx,y) =

for allx and y. It is also clear that T =0 = (Tx,x) = 0 for allx. We shall need the converse

of this implication.
Theorem 3.5 If T is an operator on H for which (Tx,x) = 0 for all x, then T = 0.
Proof.
It suffices to show that (Tx,y) = 0 for any x and y, and the proof of this depends on the

following easily verified identity:

(T(ax + By), ax + By) = |a|>(Tx,x) — |BI12(Ty,y) = aB(Tx,y) + aB(Ty,x) (1)
We first observe that by our hypothesis, the left side of (1)—and therefore the right side

as well—equals O for all a and g. If we put « = 1 andf = 1, then (1) becomes

(Tx,y) + (Ty,x) =0 )
and ifwe puta =iand g = 1, we get
i(Tx,y) +i(Ty,x) =0 (3)
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Dividing (3) by < and adding the result to (2) yields 2(Tx,y) = 0 so (Tx,y) = 0 and

the proof is complete.

It is worth emphasizing that this proof makes essential use of the fact that the scalars are

the complex numbers (and not merely the real numbers).

We now apply this result to proving our next theorem, which indicates that self-adjoint
operators are linked to real numbers by stronger ties than might be suspected from the loose

analogy that led to their definition.
Theorem 3.6 : An operator T on H is self-adjoint & (Tx, x) is real for all x.
Proof :
If T is self-adjoint, then
(Tx,x) = (x,Tx)
= (x,T*x)
= (Tx,x)

shows that (Tx,x) is real for all x. On the other hand, if (Tx,x) is real for all x, then

(Tx,x) = (Tx,x) = (x,T*x) = (T*x,x) or
(IT-T*]x,x) =0
for all x. By Theorem C, this implies that T-T*=0,s0 T = T*.

This theorem enables us to define a respectable and useful order relation on the set of all
self-adjoint operators. If A; and A, are self- adjoint, we write A; < A, if (4;x,x) < (4,x,x) for

all x. The main elementary facts about this relation are summarized in

Theorem 3.7 : The real Banach space of all self-adjoint operators on H is a partially ordered set

whose linear structure and order structure are related by the following properties:
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(1) ifA; <A, thenA; +A < A, + Aforevery 4;
(2) ifA; <Aj,and a > 0,then ad; < aA,.

Proof.

The relation in question is obviously reflexive and transitive (see Sec. 8). To show that it

is also antisymmetric, we assume that A; < A, and 4, < A,.

This implies at once that ([A; — A,]x,x) = 0 for all x, so by Theorem C, 4, — A4, =0
and A1 = Az.

The proofs of properties (1) and (2) are easy. For instance, if A; < A,, so that (4;x,x) <
(A,x, x) for all x, then (A;x,x) + (Ax,x) < (A,x,x) + (Ax, x) or ([A; — Alx, x) for all x, so
A+ A < A, + A. The proof of (2) is similar.

A self-adjoint operator A is said to be positive if A > 0, that is, if (Ax,x) = 0 for all x. It

is clear that 0 and I are positive, as are T*T and TT* for an arbitrary operator T.

Theorem 3.8 : If A is a positive operator on H, then I + A is non-singular. In particular, 1 +

T*T and | + TT* are non-singular for an arbitrary operator T on H.
Proof.

We must show that | + A is one-to-one onto as a mapping of H into itself. First, it is one-

to-one, for
I+A)x=0=2A4x=—x=Ax,x)=(—xx)=—||x|?=>0=>x=0.

We next show that the range M of I + A is closed. It follows from ||(I + A)x||? =
llxlI? + [|Ax]|? + 2(Ax, x)and the assumption that A is positive—that ||x|| < ||(I + A)x]||. By

this inequality and the com- pleteness of H, M is complete and therefore closed.

We conclude the proof by observing that M = H; for otherwise there would exist a non-
zero vector x, orthogonal to M, and this would contradict the fact that(x,, [l + A]x,) = 0=
”x0||2 == _(AxO,xO) S O — xo = 0.
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If the reader wonders why we fail to show that the partially ordered set of all self-adjoint
operators is a lattice, the reason is simple: it isn’t true. As a matter of fact, this system is about as
far from being a lattice as a partially ordered set can be, for it can be shown that two operators in
the set have a greatest lower bound = they are comparable. This whole situation is intimately
related to questions of commutativity for algebras of operators and is too complicated for us to

explore here. For further details, see Kadison [22].
Problems

1. Define a new operation of ‘multiplication’ for self-adjoint operators byA; o A, =
(A1A, + A,A;)/2, and note that A, oA, is always self-adjoint and that it equals
A;A,whenever A; and A, commute. Show that this operation has the following

properties:
AjoA, =A,04,
Ao (A, +A3) =A0A, + A; 0 As
a(AyoAy) = (ady) o Ay = Ay o (ady)

and Aol =10A = A. Showalso that A; o (4, o A3) = (A, ° A,) o A; whenever A; and

A,commute.

2. If T is any operator on H, it is clear that|(Tx, x)| < ||Tx|lllx|| < [IT|llx|I?; so if H # {0},
we have sup{|Tx, x|/|lx||?: x # 0} < ||IT||. Prove that if T is self-adjoint, then equality
holds here. (Hint: writea = sup{|Tx, x|/|lx||?: x = 0} = sup{|Tx, x|/||lx|]| = 1}, and
show that||Tx|| <a whenever ||x||=1 by putting b= |Tx||*?ifTx # 0—and

considering
4||Tx|1? = (T(bx + b~'Tx), (bx + b™'Tx)) — (T (bx + b~'Tx), (bx + b‘lTx))
< alllbx + b~ Tx||]? + |lbx + b~1Tx]|

= 4al|Tx||
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3.4 NORMAL AND UNITARY OPERATORS

An operator N on H is said to be normal if it commutes with its adjoint, that is, if NN* =
N*N. The reason for the importance of normal operators will not become clear until the next
chapter. We shall see that they are the most general operators on H for which a simple and
revealing structure theory is possible. Our purpose in this section is to present a few of their more

elementary properties which are necessary for our later work.

It is obvious that every self-adjoint operator is normal, and that if N is normal and a is
any scalar, then aN is also normal. Further, the limit N of any convergent sequence {N;.} of

normal operators is normal; for we know that N, *— N*, so
INN* — N*N|| < [[INN* = Ny Ng |l + [N N; — Ny Nl + [IN; N, — N*N||
= |INN* — N Ng|| + |[IN;N, — N*N|| - 0
which implies that NN* — N*N = 0. These remarks prove

Theorem 3.9 : The set of all normal operators on H is a closed subset of ¢(H) which contains

the set of all self-adjoint operators and is closed under scalar multiplication.

It is natural to wonder whether the sum and product of two normal operators are

necessarily normal. They are not, but nevertheless, we can say a little in this direction.

Theorem 3.10 : If N; and N, are normal operators on H with the property that either commutes

with the adjoint of the other, then N; + N,and N; N,are normal.
Proof.
It is clear by taking adjoints that
N;N; = NN, & N,N; = N;N,

so the assumption implies that each commutes with the adjoint of the other. To show that
N; + N, is normal under the stated conditions, we have only to compare the results of the
following computations:
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(Ny + N2)(Ny + Np)* = (Ny + Nz)(Nf + Nz*)
= N;N; + N;N; + N;N; + N,N;
and (N1 + N;)*(N; + N;) = (N7 + N3)(N; + Ny)
= N;yN; + NfN, + N;N; + N, N,
The fact that N; N, is normal follows similarly from
NiN,(NiNp)* = N;N,N; Ny
= N;N,;N,N/
= N,N,N{N,
= N,N{N;N,
= (N1N2)*N1N2

By definition, a self-adjoint operator A is one which satisfies the identity A*x = AX.
Many properties of self-adjoint operators do not depend on this, but only on the weaker identity

||[A*x]|| = ||Ax]|. Our next theorem shows that all such properties are shared by normal operators.
Theorem 3.11 : An operator T on H is normal ||T*x|| = [|Tx|| for every x.
Proof.
We have,
IT*xIl = ITx|l & [IT"x|I* = |ITx|[?

o (T'x, T*x) = (Tx,Tx)

< (TT*x,x) = (T*Tx, x)

S ([TT*—=T*T]x,x) =0
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The following consequence of this result will be useful in our later work.
Theorem 3.12 : If N is a normal operator on H, then||N?2|| = ||N||?.
Proof.
The preceding theorem shows that
IN?x|l = INNx|| = |[N*Nx||

for every x, and this implies that ||[N2x|| = |[N*N||. By Theorem 56-A, we have
IIN*N|| = |IN]|?, so the proof is complete.

We know that any complex number z can be expressed uniquely in the form z = a + ib
where a and b are real numbers, and that these real numbers are called the real and imaginary

parts of z and are given by a = (z + z)/2 andb = (z — z) /2i.

The analogy between general operators and complex numbers, and between self-adjoint
operators and real numbers, suggests that for an arbitrary operator T on H we form A; =
(T+T*)/2 and A, = (T —T*)/2i. A, and A, are clearly self- adjoint, and they have the
property that T = A; + iA,.

The unique- ness of this expression for T follows at once from the fact that
T* = A, — iA,
The self-adjoint operators A, and A, are called the real part and the tmaginary part of T.

We emphasized earlier that the complicated structure of C(H) is due in large part to the

fact that operator multiplication is in general non-commutative.

Since our future work will be focused mainly on normal operators, it is of interest to see
as the following theorem shows that the existence of non-normal operators can be traced directly

to the non-commutativity of self-adjoint operators.
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Theorem 3.13 : If T is an operator on H, then T is normal < its real and imaginary parts

commute.
Proof.

If A; and A, are the real and imaginary parts of T, so that T = A; + id,and T* = A; —
iA,, then

TT* = (4; +i4,)(A; — i4,)

= A2 + A2+ (4,4, — ALAy)
and

T*T = (4, —i4,)(A; +i4,)

= A2 + A2+ i(4,4, — A,A)

It is clear that if A;A, = A,A,,then TT* = T*T. Conversely, if TT* = T*T, then A,A, —
AZAI = AZAI - A1A2, SO 2A1A2 = 2A2A1and A1A2 = A2A1.

Perhaps the most important subsystem of the complex plane after the real line is the unit
circle, which is characterized by either of the equivalent identities |z| = 1 orzz =zz = 1. An

operator U on H which satisfies the equation UU* = U*U =l is said to be unitary.

Unitary operators which are obviously normal are thus the natural analogues of complex
numbers of absolute value 1. It is clear from the definition that the unitary operators on H are
precisely the non-singular operators whose inverses equal their adjoints. The geometric

significance of these operators is best. understood in the light of our next theorem.

Theorem 3.14 : If T is an operator on H, then the following conditions are all equivalent to one

another:

Q) T*T=T;
(2) (Tx,Ty) = (x,y) forall x and y;

(3) ITx|l = llx]Ifor all x.
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Proof.

If (1) is true, then (T*Tx,y) = (x,y)or (Tx,Ty) = (x,y)for all x and y, so (2) is true;
and if (2) is true, then by taking y = x we obtain (Tx,Tx) = (x,x) or ||Tx||? = ||x]|? for all x,

so (3) is true.

The fact that (3) implies (1) is a consequence of Theorem and the follow- ing chain of

implications:
ITxIl = llxll = ITx]I* = llx|I?
= (Tx,Tx) = (x,x)
= (T"Tx,y) = (x,y)
= ([T*T—1I]x,x) =0

An operator on H with property (3) of this theorem is simply an isometric isomorphism
of H into itself. That an operator of this kind need not be unitary is easily seen by considering the

operator on [, defined by
T{xy, x5, ...} ={0,x1, x5, ...}
which preserves norms but has no inverse. These ideas lead at once to
Theorem 3.15 : An operator Ton H is unitary < it is an isometric isomorphism of H onto itself.
Proof.

If T is unitary, then we know from the definition that it is onto; and since by Theorem F it

preserves norms, it is an isometric isomorphism of H onto itself.

Conversely, if T is an isometric isomorphism of H onto itself, then T—1 exists, and by
Theorem F we have T*T =I. It now follows that (T*T)T~1 = IT"1,so T*=T~1) and TT* = T*T

= |, which shows that T is unitary.
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This theorem makes quite clear the nature of unitary operators: they are precisely those
one-to-one mappings of H onto itself which preserve all structure—the linear operations, the

norm, and the inner product.
Problems

1. If T is an arbitrary operator on H, and if @ and 8 are scalars such that |a| = |B], show
that T + ST *is normal.

2. If H is finite-dimensional, show that every isometric isomorphism of H into itself is
unitary.

3. Show that an operator T onH is unitary <T({e;}) is a complete orthonormal set whenever
{e;} is.

4. Show that the unitary operators on H form a group.
3.5 PROJECTIONS

According to the definition given in Sec. 50, a projection on a Banach space B is an
idempotent operator on B, that is, an operator P with the property that P2 = P. It was proved in
that section that each projection P determines a pair of closed lincar subspaces M and N the
range and null space of P such that B = M @ N, and also, conversely, that each such pair of
closed linear subspaces M and N determines a projection P with range M and null space N. In
this way, there is established a one-to-one correspondence between projections on B and pairs of
closed linear subspaces of B which span the whole space and have only the zero vector in

common.

The context of our present work, however, is the Hilbert space H, and not a general
Banach space, and the structure which H enjoys in addition to being a Banach space enables us
to single out for special attention those projections whose range and null space are orthogonal.

Our first theorem gives a convenient characterization of these projections.

Theorem 3.16 If P is a projection on H with range M and null space N, then M L N < P is self-

adjoint; and in this case, N = M<.
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Proof.

Each vector z in H can be written uniquely in the form z = x + y with xand yin Mand N.
If M L N, sothat x L y, then P* = P will follow by Theorem 57-C from (P*z,z) = (Pz, z); and

this is a consequence of
(P*z,2z) = (z,Pz) = (z,x) = (x + y,x) = (x,x) + (y,x) = (x,x)

and (Pz,z) = (x,z) = (x,x +y) = (x,x) + (x,y) = (x,x). If, conversely, P* = P, then
the conclusion that M L N follows from the fact that for any x and y in M and N we have

(x,y) = (Px,y) = (x,P"y) = (x,Py) = (x,0) = 0

All that remains is to see that if M L N, thenN = M*. It is clear that N € M* and if N is
a proper subset of M+, and therefore a proper closed linear subspace of the Hilbert space M+,
then Theorem implies that there exists a non-zero vector z, in M+ such that z, L N. Since z, L
Mand z, L Nand since H =M @ N, it follows that z, L H. This is impossible, so we conclude
that N = M.

A projection on H whose range and null space are orthogonal is sometimes called a

perpendicular projection.

The only projections considered in the theory of Hilbert spaces are those which are
perpendicular, so it is customary to omit the adjective and to refer to them simply as projections.
In the light of this agreement and Theorem A, a projection on H can be defined as an operator P
which satisfies the conditions P2 = P and P* = P. The operators 0 and | are projections, and they

are distinct @ H # {0}.

The great importance of the projections on H rests mainly on Theorem which allows us to
set up a natural one-to-one correspondence between projections and closed linear subspaces. To
each projection P there corresponds its range M = {Px:x € H}, which is a closed linear
subspace; and conversely, to each closed linear subspace M there corresponds the projection P
with range M defined by P(x + y) = x, where x and y are in M and M. Either way, we speak
of P as the projection on M.
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It is clear that P is the projection on M < I — P is the projection on M. Also, if P is the

projection on M, then
x EM & Px = x & ||Px|| = |||

The first equivalence here was proved in Problem 44-11; and since for every x in H we
have

lxlI? = IPx + (I = P)x|I> = IPx|I*> + |(1 — P)x||? (1)
the non-trivial part of the second is given by the following chain of implications:
IPxIl = llxll = IPx|I* = llx|I* = Il — P)x|* = 0= Px =x

Relation (1) also shows that ||Px|| < ||x|| for every x, so ||P|| < 1. Ifz is an arbitrary

vector in H, it is easy to see that

(Px,x) = (PPx,x) = (Px,P*x) = (Px,Px) = ||Px]|> > 0 (2)

so P is a positive operator (0 < P) in the sense of Sec. 57. Since I — P is also a

projection, we also have0 </ —PorP <I[,s00<P <.

Let T be an operator on H. A closed linear subspace M of H is said to be invariant under
T if T(M) € M. When this happens, the restriction of T to M can be regarded as an operator on
M alone, and the action of T on vectors outside of M can be ignored. If both M and M+ are
invariant under T, we say that M reduces T, or that T is reduced by M. This situation is much
more interesting, for it allows us to replace the study of T as a whole by the study of its
restrictions to M and M+, and it invites the hope that these restrictions will turn out to be
operators of some particularly simple type. In the following four theorems, we translate these

concepts into relations between M and the projection on M.

Theorem 3.17 : A closed linear subspace M of H is invariant under an operator T& M* is

invariant under T*.

Proof.
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Since M+ =M and T** = T, it suffices by symmetry to prove that if M is invariant

under T, then M+ is invariant under T*.

If y is a vector in M+, our conclusion will follow from (x, T*y) = 0 for all x in M. But
this is an easy consequence of (x,T*y) = (Tx,y), for the invariance of M under T implies that
(Tx,y) =0.

Theorem 3.18 : A closed linear subspace M of H reduces an operator T& M is invariant under
beth T and T*.

Proof.
This is obvious from the definitions and the preceding theorem.

Theorem 3.19 : If P is the projection on a closed linear subspace M of H, then M is invariant

under an operator T&TP <PT.
Proof.

If M is invariant under T and x is an arbitrary vector in H, then TPx is in M, so PTPx =
TPx and PTP = TP.

Conversely, if TP = PTP and x is a vector in M, then Tx = TPx = PTPx is also in

M, so M is invariant under T.

Theorem 3.20 : If P is the projection on a closed linear subspace M of H, then M reduces an
operator T&TP = PT.

Proof.

M reduces T & M is invariant under T and T*<TP = PTP and T*P = PT*P < TP =
PTP and PT = PTP.

The last statement in this chain clearly implies that TP = PT; it also follows from it, as we

see by multiplying TP = PT on the right and left by P.
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Our next theorem shows how projections can be used to express the statement that two

closed linear subspaces of H are orthogonal.

Theorem 3.21 : If P and Q are the projections on closed linear subspaces M and N of H,
thenM L N © PQ = 0 & QP = 0.

Proof.

We first remark that the equivalence of PQ = 0 and QP = 0 is clear by taking adjoints.
If M L N, so thatN € M+, then the fact that Qx is in N for every x implies that PQx = 0, so
PQ = 0.

If, conversely, PQ = 0, then for every x in N we have Px = PQx = 0,s0 N € M+tand
M L1N.

Motivated by this result, we say that two projections P and Q are orthogonal if PQ = 0.

Our final theorem describes the circumstances under which a sum of projections is also a

projection.

Theorem 3.22 : If P,, P,, ..., B, are the projections on closed linear sub spaces M,. M,, ..., M,,of
H, then P = P, + P, + --- + B,isa projection & the P;’s arepatrwise orthogonal (in the sense

thatP;P; = 0 whenever i # j); and in this case, P is the projection on
M= M; + M, + -+ M,
Proof.

Since P is clearly self-adjoint, it is a projection = it is idem- potent. If the P,’s are

pairwise orthogonal, then a simple computation shows at once that P is idempotent.

To prove the converse, we assume that P is idempotent. Let x be a vector in the range of
P;, so that x = Px. Then
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n

n
Ixll? = P21 < Y 1Pl = ) (B, x) = (Box) = IPxI? < [l
=1

j=1

We conclude that equality must hold all along the line here, so

n
D lIPxll? = 1Px]l?
j=1

and||P;x|| = o0 forj = i.

Thus the range of P; is contained in the null space of P; that isM; S Mjl for everyj # i.
This means that M; L M;whenever i # j, and our conclusion that the P;’s are pairwise orthogonal

now follows from the preceding theorem.

We prove the final statement in two steps. First, we observe that since ||Px|| = |[x]|| for
every x in M; each M; is contained in the range of P, and therefore M is also contained in the

range of P. Second, if x is a vector in the range of P, then
X=P,=Pix+Px+-+Px
is evidently in M.

There are many other ways in which the algebraic structure of the set of all projections on
H can be related to the geometry of its closed linear subspaces. and several of these are given in

the problems below.

The significance of projections in the general theory of operators on H is the theme of the

next chapter.

As we shall see, the essence of the matter (the spectral theorem) is that every normal
operator is made of projections in a way which clearly reveals the geometric nature of its action

on the vectors in H.
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Problems

1. If P and Q are the projections on closed linear subspaces M and N of H, prove that PQ is
a projection & PQ = QP. In this case, show that PQ is the projection on MN N.
2. If P and Q are the projections on closed linear subspaces M and N of H, prove that the
following statements are all equivalent to one another:
(@) P<0Q;
(b) lIPx]l < |lQx|[for every x;
(c) M € N;
(d) PQ =P;
(e) QP =P.
(Hint: the equivalence of (a) and (b) is easy to prove, as is that of (c), (d),
and (e); prove that (d) implies (a) by using
(Px,x) = |IPx[I> = IPQx|I* < llQx|I> = (Qx, x)
and prove that (b) implies (c) by observing that if x is in M, then ||x|| =
IPx[l < Qx| < llxl|
3. Show that the projections on H form a complete lattice with respect to their natural

ordering as self-adjoint operators. (Compare this situation with that described in the last

paragraph of Sec. 57.)
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CHAPTER -4

4.1 DETERMINANTS AND THE SPECTRUM OF AN OPERATOR

Determinants are often advertised to students of elementary mathematics as a
computational device of great value and efficiency for solving numerical problems involving
systems of linear equations. This is somewhat misleading, for their value in problems of this kind
is very limited. On the other hand, they do have definite importance as a theoretical tool. Briefly,
they provide a numerical means of distinguishing between singular and non-singular matrices

(and operators).

This is not the place for developing the theory of determinants in any detail. Instead, we
assume that the reader already knows something about them, and we confine ourselves to listing

a few of their simpler properties which are relevant to our present interests.

Let [a;;] be ann X n matrix. The determinant of this matrix, which we denote by

det([a;;]), is a scalar associated with it in such a way that

1) det([s,]) = 1;

@ det(ey]lBy]) = der(fa]) det([5,])

(3)  det([a;]) # 0 & [a;] is non-singular; and

@) det([a;;] — A[8;]) is a polynomial, with complex coefficients, of degree n in the

variable A.

The determinant function det is thus a scalar-valued function of matrices which has
certain properties. In elementary work, the determinant of a matrix is usually written out with

vertical bars, as follows,

all a12 aln

a Ao ... a
det([a;]) =20 "2

anl anz Ofnn

and is evaluated by complicated procedures which are of no concern to us here.
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We now consider an operator Ton H. If Band B’ are bases for H, then the matrices [a;;]
and [,Bi j] of T relative to B and B’ may be entirely different, but nevertheless they have the same
determinant. For we know from the previous section that there exists a non-singular matrix [yij]

such that

8] = [rys] a1y

and therefore, by properties (1), (2), and (3), we have
det([ay]) = det ([y] [y ]lvs])
= det ([y;] ) det([ay;]) det([y;;])
= det ([y;/] ) det([yy;]) det([a;;])
= det([y;] " [vy]) det([a;])
= det([5;]) det([a;;])
= det([a;])

This result allows us to speak of the determinant of the operator T, meaning, of course,
the determinant of its matrix relative to any basis; and from this point on, we shall regard the
determinant function primarily as a scalar-valued function of the operators on H. We at once
obtain the following four properties for this function, which are simply translations of those

stated above:

(1) det() = I,

(2) det(T,T,) = det(T;) det(T,);

(3) det(T) # 0 © T is non-singular; and

(4) det(T — Al) is a polynomial, with complex coefficients, of degree n in the variable
A
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We are now in a position to take up once again, and to settle, the problem of the existence

of eigenvalues.

Let T be an operator on H. If we recall Problem 44-6, it is clear that a scalar A is an
eigenvalue of T < there exists a non-zero vector x such that (T—ADx=0&T — Al is
singular & det(T — AI) = 0. The eigenvalues of T are therefore precisely the distinct roots of
the equation

det(T—AI) =0 1)
which is called the characteristic equation of T. It may illuminate matters somewhat if we

choose a basis B for H, find the matrix [a;;] of T relative to B, and write the characteristic

equation in the extended form

a1 — A (24 A1n
arq Ayy — /1 Aon =0
anl anZ . ann - /1

Our search for eigenvalues of T is reduced in this way to a search for roots of Eq. (1).
Property (4°) tells us that this is a polynomial equation, with complex coefficients, of degree n in
the complex variable 1. We now appeal to the fundamental theorem of algebra, which guarantees
that an equation of this kind always has exactly n complex roots. Some of these roots may of

course be repeated, in which case there are fewer than n distinct roots. In summary, we have

Theorem 4.1 : If T is an arbitrary operator on H, then the eigenvalues of T constitute a non-
empty finite subset of the complex plane. Furthermore, the number of points in this set does not

exceed the dimension n of the space H.

The set of eigenvalues of T is called its spectrum, and is denoted by o(T). For future

reference, we observe that o (T) is a compact subspace of the complex plane.

It should now be reasonably clear why we required in the definition of a Hilbert space
that its scalars be the complex numbers. The reader will easily convince himself that in the
Euclidean plane the operation of rotation about the origin through 90 degrees is an operator on
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this real Banach space which has no eigenvalues at all, for no non-zero vector is transformed into

a real multiple of itself.

The existence of eigenvalues is therefore linked in an essential way to properties of the
complex numbers which are not enjoyed by the real numbers, and the most significant of these

properties is that stated in the fundamental theorem of algebra.

The mechanism of matrices and determinants turns out to be simply a device for making
effective use of this theorem in our basic problem of proving that eigenvalues exist. We also
remark that Theorem A and its proof remain valid in the case of an arbitrary linear

transformation on any complex linear space of finite dimension n > 0.
Problems

1. Let T be an operator on H, and prove the following statements:
(@) Tissingular & 0 € a(T);
(b) if T is non-singular, thend € o(T) © A1 € o(T™1);
(c) if A'is non-singular, then 6(ATA™Y) = o(T);
(d) if A € o(T), and if p is any polynomial, then p(1) € a(p(T));
(e) if T* = 0 for some positive integer k, then a(T) = {0}.
2. Let the dimension n of H be 2, let B = {e,,e,} be a basis for H, and assume that the
determinant of a 2 x 2 matrix [e;;] is given bya,;.
(a) Find the spectrum of the operator T on H defined by Te, = e, andTe, = —e;.
(b) If T is an arbitrary operator on H whose matrix relative to B is [aij], show

thatT? — (aqq + ap)T + (a1, — aga,,)] = 0. Give a verbal statement of

this result.
4.2 THE SPECTRAL THEOREM

We now return to the central purpose of this chapter, namely, the statement and proof of

the spectral theorem.
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Let T be an arbitrary operator on H. We know by Theorem 61-A that the distinct
eigenvalues of T form a non-empty finite set of complex numbers. Let 14,4, ..., 4,,be these
eigenvalues; let M;, M,, ..., M,,be their corresponding eigenspaces; and let P;, P,, ..., B,be the
projections on these eigenspaces. We consider the following three statements.

I. The M;’s are pairwise orthogonal and span H.
Il. The P;’s are pairwise orthogonal, I = )72, P;and T = Y72, A;P;.
[11. T is normal.

We take the spectral theorem to be the assertion that these statements are all equivalent to
one another. It was proved in the introduction to this chapter that I = 11 = IIl. We now complete

the cycle by showing that I1= 1.
The hypothesis that T is normal plays its most critical role in our first theorem.

Theorem 4.2 If T is normal, then x is an eigenvector of T with eigenvalue 1 & x is an

eigenvector of T* with eigenvalue 2.

Proof.

Since T is normal, it is easy to see that the operator T — AI (whose adjoint is T* —AI) is

also normal for any scalar A. By Theorem 58-C, we have

ITx — Ax|| = |

T x — ix”

for every vector x, and the statements of the theorem follow at once from this.
Theorem 4.3 If T is normal, then the M;’s are pairwise orthogonal.
Proof.

Let x; and x; be vectors in M; and M;for i # j, so that Tx; = A;x;and Tx; = 4;x;. The

preceding theorem shows that
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Ai(xixy) = (Aixix;)
= (Txx))
= (x;,T"x;)
= (x; 4%;)
= 4 (x:x))
and sinceA; # A; it is clear that we must have (x;x;) = 0.

Our next step is to prove that the M;’s span H when T is normal, and for this we need the

following preliminary fact.
Theorem 4.4 : If T is normal, then each M; reduces T.
Proof.

It is obvious that each M; is invariant under T, so it suffices, by Theorem 59-C, to show

that each M; is also invariant under T*. This is an immediate consequence of Theorem A, for if

x; is a vector in M;, so that Tx; = A;x;then T*x; = A;x; is also in M.
Finally, we have

Theorem 4.5 : If T is normal, then the M;’s span H.

Proof.

The fact that the M;’s are pairwise orthogonal implies, by Theorems 59-F and 59-G, that

M = M; + M, + --- 4+ M,,is a closed linear subspace of H, and that its associated projection is
P:P1+P2+"'+Pm

Since each M; reduces T, we see by Theorem 59-E that TP; = P;T for each P;. It follows
from this that TP = PT, so M also reduces T, and consequently M+ isinvariant under T. If
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M+ = {0}, then, since all the eigenvectors of T are contained in M, the restriction of T to M+ is
an operator on a non-trivial finite-dimensional Hilbert space which has no eigenvectors, and
hence no eigenvalues. Theorem 61-A shows that this is impossible. We therefore conclude that
M+ = {0}, so M =H and the M;’s span H.

This completes the proof of the spectral theorem and, in particular, of the fact that if T is
normal, then it has a spectral resolution

We now make several observations which will be useful in carrying out our promise to
show that this expression for T is unique. Since the P;’s are pairwise orthogonal, if we square
both sides of (1) we obtain

m
TZ = Z A%Pl
i=1

More generally, if m is any positive integer, then

m
™= Z APy 2)
i=1

If we make the customary agreement that T° = I, then the fact that 3,7, P;shows that (2)
is also valid for the case n = 0. Next, let p(z) be any polynomial, with complex coefficients, in

the complex variable z. By taking linear combinations, (2) can evidently be extended to

P(T) = Z PQ)P, 3)

We would like to find a polynomial p such that the right side of (3) collapses to a
specified one of the P;’s, say P;. What is needed is a polynomial p; with the property that

p;(A;) = 0if i = jand p;(4;) = 1. We define p; as follows:
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(z—2y) ..(z — /1]-_1)(2 - /1j+1) w(z=2,)
A=21) (= 22) (Y = Aig1) o (4 — )

pj(Z) = (
Since p; is a polynomial, and sincep;(4;) = &;;, (3) yields

P = p;(T) (4)
In order to interpret these remarks to our advantage, we point out that only three facts
about (1) have been used in obtaining (4): the A;’s are distinct complex numbers; the P;’s are
pairwise orthogonal projections; and I = ™, P;. By using these properties of (1), and these

alone, we have shown that the P;’s are uniquely determined as specific polynomials in T.

We now assume that we have another expression for T similar to (1),

T=a;Q1+ a0, + -+ a,0Q 5)
and that this is also a spectral resolution of T, in the sense that the a;’s are distinct
complex numbers, the Q;’s are non-zero pairwise orthogonal projections, and I = ¥*_, Q;. We
wish to show that (5) is actually identical with (1), except for notation and order of terms. We
begin by proving, in two steps, that the a;’s are precisely the eigenvalues of T. First, since Q; #
0, there exists a non-zero vector x in the range of Q; and since Q;x = x and Q;x = 0 forj # i, we
see from (5) thatTx = a;x, so each «; is an eigenvalue of T. Next, if A is an eigenvalue of T, so

that Tx = Ax for some non-zero x, then
Tx = Ax

= Ax

k
= z AQL X
i=1
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k

and Tx = z a;Q;x

i=1

k
S0 A—a)Qix=0
2

Since the Q;x’s are pairwise orthogonal, the non-zero vectors among them—there is at

least one, forx # 0 are linearly independent, and this implies that 1 = a; for some i.

These arguments show that the set of ;s equals the set of A;s, and therefore, by changing

notation if necessary, we can write (5) in the form

T=20Q;+2A,0; ++ 1,Q0n (6)

The discussion in the preceding paragraph now applies to (6) and gives

Qi = pi(T) (7
for every j. On comparing (7) with (4), we see that the Q;’s equal the P;’s. This shows

that (5) is exactly the same as (1) except for notation and the order of terms and completes our

proof of the fact that the spectral resolution of T is unique.

We conclude with a brief look at the matrix interpretation of statements | and Il at the

beginning of this section.

Assume that I is true, that is, that the eigenspaces M,, M,, ..., M,,,of T are pairwise orthog-
onaland span H. For each M;, choose a basis which consists of mutually orthogonal unit vectors.
This can always be done, for a basis of this kind called an orthonormal basis is precisely a

complete orthonormal set for M;.

It is easy to see that the union of these little bases is an orthonormal basis for all of H;
and relative to this, the matrix of T has the following diagonal form (all entries off the main

diagonal are under- stood to be 0):
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A1

A
A2

A2
Am

Am

— -

We next assume that H has an orthonormal basis relative to which the matrix of 7 is

diagonal.

If we rearrange the basis vectors in such a way that equal matrix entries adjoin one
another on the main diagonal, then the matrix of T relative to this new orthonormal basis will

have the form (8). It is easy to see from this that T can be written in the form

m
T = Z /L'Pl'
i=1

where theAd;’s are distinct complex numbers, the P;’s are non-zero pairwise orthogonal
projections, and I = X", P;. The uniqueness of the spectral resolution now guarantees that the
Ai’s are the distinct eigenvalues of T and that the P;’s are the projections on the corresponding
eigenspaces. The spectral theorem tells us that statements I, Il, and Il are equivalent to one
another. The above remarks carry us a bit further, for they constitute a proof of the fact that these

statements are also equivalent to

IV. There exists an orthonormal basis for H relative to which the matrix of T is diagonal.
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It is interesting to realize that the implication 111 = IV, which we proved by showing that
11 =1 and 1= 1V, can be made to depend more directly on matrix computations. This proof is

outlined in the last three problems below.
Problems

1. Show that an operator T on H is normal< its adjoint T* is a polynomial in T.

2. Let T be an arbitrary operator on H, and N a normal operator. Show that if 7 commutes
with N, then T also commutes with N*.

3. Let T be a normal operator on H with spectrum [A;,4,, ..., 4,,], and use the spectral
resolution of T to prove the following statements:

(@) T is self-adjoint <each A; is real; (b) T is positive & A; = 0 for each i (c) T is
unitary & |4;| = 1 for each i.
4. Show that a positive operator T on H has a unique positive square root; that is, show that

there exists a unique positive operator A on H such that A2 = T.
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CHAPTER -5

5.1 THE DEFINITION AND SOME EXAMPLES

A Banach algebra is a complex Banach space which is also an algebra with identity 1,
and in which the multiplicative structure is related to the norm by the following requirements:

@) eyl < NIy 11
@) Il = 1.

It follows from (1) that multiplication is jointly continuous in any Banach algebra, that is,

that if x,, - xand y,, = ythen x,y, = xy
(proof:
32 m — xyll = |l — ¥) + (xn — )l

< lxllllyn = vl + 12 — xIHIyl

A Banach subalgebra of a Banach algebra A is a closed subalgebra of A which contains
1. The Banach subalgebras of A are precisely those subsets of A which are themselves Banach

algebras with respect to the same algebraic operations, the same identity, and the same norm.

The definition of a Banach algebra is sometimes given without the restriction that the
scalars are the complex numbers. The complex case, however, is the only one that concerns us,
and by framing the definition as we do, we avoid the necessity of treating the additional
complications which arise in the real case. We have further assumed, for the sake of simplicity,
that every Banach algebra has an identity. It is possible, at a considerable sacrifice of clarity, to
develop most of the important ideas without this assumption, and this is done whenever the
primary purpose of the theory is the study of group algebras of locally compact but not discrete
groups. Since our attention will be directed chiefly to the structure of operator algebras, there is
no need for us to strain for the added generality obtained by not requiring the presence of an

identity.
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The Banach algebras of principal interest to us are described in the following examples.
The reader will notice that they all consist of functions or operators and that the linear operations
in all of them are defined pointwise. They can be classified in a general way into function
algebras, operator algebras, or group algebras, according as multiplication is defined pointwise,

by composition, or by convolution.

Example 1. (a) One of the most important Banach algebras is the set ¢(X) of all bounded
continuous complex functions defined on a topological space X. The case in which X is a
compact Hausdorff space will have particular significance for our later work. If X has only one
point, then C(X) can be identified with the simplest of all Banach algebras, the algebra of

complex numbers.

(b) Consider the closed unit disc D = {z:|z| < 1} in the complex plane. The subset of
C(D) which consists of all functions analytic in the General Preliminaries on Banach Algebras
303 interior of D is obviously a subalgebra which contains the identity. A simple application of
Morera’s theorem from complex analysis shows that it is closed and is therefore a Banach
subalgebra of C(D). This Banach algebra is called the disc algebra. It has a number of interesting

proper- ties, which are, of course, intimately related to the special character of its functions.

Example 2. (a) If B is a non-trivial complex Banach space, then the set ¢(B) of all operators on
B isa Banach algebra. We assume that B is non-trivial in order to guarantee that the identity

operator is an identity in the algebraic sense.

(b) If we consider a non-trivial Hilbert space H, then C(H) is a Banach algebra. This is a
special case of C(B), and it is important to observe that additional structure is present here,

namely, the adjoint operation T->T*.

(c) A-subalgebra ofC(H) is said to be self-adjoint if it contains the adjoint of each of its
operators. Banach subalgebras of C(H)’s which are self-adjoint are called C*-algebras. We shall

return to the subject of commutative C*-algebras in Chap. 14.

(d) The weak operator topology on C(H) is the weak topology generated by all functions

of the form T—(Tx,y); that is, it is the weakest topology with respect to which all these functions
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are continuous. It is easy to see from the inequality|(Tx,y) — (Tox, y)| < [IT — Tollllx||ly]l that
this topology is weaker than the usual norm topology, so that its closed sets are also closed in the
usual sense. A C™*-algebra with the further property of being closed in the weak operator
topology is called a W*-algebra. Algebras of this kind are also called rings of operators, or von
Neumann algebras. They are among the most interesting of all Banach algebras, but their theory

is quite beyond the scope of this book.

Example 3. (a) If G = {g41, g>---, g} IS a finite group, then its group algebra L,(G) is the set of
all complex functions defined on G. Addition and scalar multiplication are defined pointwise,
and the norm by |Ifll = X72,1f(g)|. In order to see what underlies the definition of
multiplication, it is convenient to regard a typical element f of L;(G) as a formal sum X7, a;g;,
where «; is the value of f atg;. With this interpretation, we use the given multiplication in G to

define multiplication in L, (G), as follows:

(i aigi) i Big; | = i Yk 9k (1)
1 =1 k=1

Vi = Z a;B; (2)

9i9j=9k

The meaning of the sum in (2) is that the summation is to be extended over all subscripts
i and j such that g;g; = gy. In effect, therefore, we formally multiply out the sums on the left of
(1), and we then gather together all the resulting terms which contain the same element of G.
With these ideas as an intuitive guide, we revert to our first point of view, in which the elements
of L,(G) are functions, and we see that our definition of multiplication can be expressed in the
following way. If two functions fand g in L,(G) are given, then their product, which is denoted

by f *g and called their convolution, is that function whose value at gy is

f*9)(gw) = Z f(9:)9(g:)
9i9j=9k

= Z f(grg;t)g(g)) (3)
k=1
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We note that if each element of G is identified with the function whose value is 1 at that
element and 0 elsewhere, then G becomes a subset of L;(G). Further, multiplication in G agrees
with convolution in L, (G), and the element of L, (G) which corresponds to the identity in G is an
identity for L, (G). We conclude this description by observing that every element of G has norm

1, sothat ||1|] = 1, and that the basic norm inequality for a Banach algebra is satisfied:

If * gll = ) 1CF = 9)(g0)]
k=1

Zn:f (9xg;)a(9))

n
k=1]j=1

IA
NgE

|f(grg51g(g))

n
]:

&
1l

=
=

|f(grg5"lg(g))

n

n
k=

[
-
[

_ i| 9(g))] ilf(gkgfl)l
= Sls(aI 1

= IIf1l ilg(gj)l

= llf gl

(b) Let G ={...,—2,—1,0,1,2, ...} be the additive group of integers. Its group algebra

L1(G) is the set of all complex functions f defined on G for which };°__ | f (n)| converges. The
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linear operations are defined pointwise, the norm by ||f|| = Xo-_|f(n)| and the convolution of
f and g—see EqQ. (3)—by

Frm =D fn-m)gm

n=—oo

Just as in (a), G is contained in L,(G) in a natural way, and L,(G) isa Banach algebra.
Any attempt to discuss the group algebra of a non- discrete topological group like the real line
must clearly be based on an adequate theory of integration. It should also have available a theory
of Banach algebras in which no identity is assumed to be present. These ideas constitute a rich

and beautiful field of modern analysis. They are, however, outside the scope of this work.

The Banach algebras described above are many and diverse, and there are yet others
which we have not mentioned. Our attention in the following chapters will be centered on C(X)’s
and commutative C*-algebras, but the general theory we develop is equally applicable to all. It is
worthy of notice that an arbitrary Banach algebra A can be regarded as a Banach subalgebra of
C(A). Ina sense, therefore, Example 2a and its Banach subalgebras include all possible Banach
algebras. To see this, we recall from Problem 45-4 that a—» M,, where M,(x) = ax, isan
isomorphism of A into C(A). It is easy to see that M, is the identity operator on A, so all that
remains is to observe that ||a|l < |[M,|| for every a (proof: |[M,(x)|| = llax|| < |[all|[x]|shows
that||M, || < |lall, and the fact that ||a|| < ||M, || follows from

IMgll = sup{lIMa GOl x|l < 1} = [[Ma (D] = llall

The mapping a — M,, is thus an isometric isomorphism of A onto a Banach subalgebra
of ¢(A), and it allows us to identify the abstract Banach algebra A with a concrete Banach

algebra of operators on A.
5.2 REGULAR AND SINGULAR ELEMENTS

Let A be a Banach algebra. We denote the set of regular elements in A by G, and its

complement, the set of singular elements, by S. It is clear that G contains 1 and is a group, and
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that S contains 0. Several important issues depend on the character of G and S. Our first

resultalong these lines is

Theorem 5.1 : Every element x for which ||x — 1]| < 1 is regular, and the inverse of such an

element is given by the formula x™* = 1 + Y, (1 — x)"
Proof.
Ifwe putr = ||x — 1]|, sothatr < 1, then
I =0™ <lI1—x|* =7

shows that the partial sums of the series };—,(1 — x)™ form a Cauchy sequence in A.

Since A is complete, these partial sums converge to an element of A, which we denote by

m_1(1 = x)™. If we define y byy = 3:°_,(1 — x)™, then the joint continuity of multiplication in
A implies that

y—xy=(1-x)y

- (1—x)+Z(1—x)"
n=2

= i(l —x)"

=y—1
Soxy = 1. Similarly, yx = 1.
We now use this as a tool to prove

Theorem 5.2 : G is an open set, and therefore S is a closed set.

Proof.
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Let x, be an element in G, and let x be any element in A such that|lx — x,|| < 1/Ilxgl.
It is clear that

llxgtx — 1l = llxg ™ (x — x0)l
< llxg Hllllx = ol
<1

so we see by Theorem A thatxyx is in G. Since x = x, (x5 x), it follows that x is also in

G, so G is open.

It was shown that every Banach space is locally connected, so A is also locally

connected.

Theorem 5.3 : The mapping x » x™! of G into G is continuous and is therefore a
homeomorphism of G onto itself.

Proof.

Let x, be an element of G, and x another element of G such that|lx — x,|l < 1/(llx5ID).

Since
lxgtx — 1 = llxg* G — x|l

< llxg Hllllx = ol

we see by Theorem A that x,x is in G and

x5 x = (xgtx)™?

=1+ Z(l — x5 tx)"
n=1
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Our conclusion now follows from
lox™* —xgtl = (e o — Dxg I

< llxg X~ xo — 1]

Z(l — x5 1x)"
n=1

= [lxg

(o8]
< Il Y I = xg "
n=1

[oe]
= g 1 = x5l an — x|
n=0

B g I — xg x|
1— 11— x5 x|l

< 2llxg T = xg x|
< 2llxg 1l — xol

If x is an element in A, it should always be kept in mind that the regularity or singularity
of x depends on A as well as on x itself. If x is regular in A, and if we pass to a Banach
subalgebra A’ of A which also contains x, then x may lose its inverse and become singular in A’.
By the same token, if x is singular in A, and if A is regarded as a Banach subalgebra of a larger
Banach algebra A”, then x may acquire an inverse and become regular in A”. In the next section,
we study certain elements in A which are singular and remain singular with respect to all

possible enlargements of A.
5.3 TOPOLOGICAL DIVISORS OF ZERO

An element z in our Banach algebra A is called a topological divisor of zero if there

exists a sequence {z,} in A such that ||z,|| = 1 and either zz,, — 0 or z,z — 0. Itis clear that
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every divisor of zero is also a topological divisor of zero. We denote the set of all topological

divisors of zero by Z.
Theorem 5.4 Z is a subset of S.
Proof.

Let z be an element of Z and {z,} a sequence such that ||z, || = 1 and (say) zz, — 0. If z
were in G, then by the joint continuity of multi- plication we would have z~1(zz,) = z, — 0,

contrary to ||z, || = 1.

Our next theorem relates to the manner in which Z is distributed within S.
Theorem 5.5 : The boundary of S is a subset of Z.
Proof.

Since S is closed, its boundary consists of all points in S which are limits of convergent

sequences in G.

We show that if z is such a point, that is, if z is in S and there exists a sequence {r,} in G

such thatr, —» z,thenz is in Z.

First, we see from r,;1z — 1 = r,;1(z — r;,) that the sequence {r;; 1} is unbounded; for

otherwise, we would have
lntz—1ll <1

for some n, so that r,; 1z, and thereforez = r,,(1;;1z), would be regular. Since {r,; 1} is

unbounded, we may assume that||r;; || — .

If z,, is now defined byz, =r;1/|ln |, then our conclusion follows from the

observations that ||z, || = 1 and

zr;t
zz

" sl
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1+ GE-nort

lIm i

=——+(2z—-1)z,-0
ll7 2l e
In order to understand the significance of these facts, let us suppose that A is imbedded as

a Banach subalgebra in a larger Banach algebra A’.

As we remarked in the previous section, an element which is singular in A may cease to

besoinA’.

However, if it is a topological divisor of zero in A, then it is in A’ as well, so it is singular
in A’. The topological divisors of zero in A are thus “permanently singular,” in the sense that
they are singular and remain so with respect to every possible enlargement of the containing
Banach algebra. Theorem B tells us that no matter what happens to S as a whole in such a

process, its boundary is “permanent” in this sense.
5.4 THE SPECTRUM

Let T be an operator on a non-trivial Hilbert space. In the previous chapter, we defined

the spectrum of T' to be the set
o(T) ={A:T — Al is singular}

and we devoted a good deal of attention to the geometric ideas leading to this concept.
We found—at least in the finite-dimensional case—that a number in a(T) is a value assumed by
T, in the sense that T acts on some non-zero vector as if it were scalar multiplication by that
number. We shall see later that this formulation of the meaning of the spectrum has a much

wider significance than we might at first suspect.

Let us now consider an element z in our general Banach algebra A. By analogy with the
above, we define the spectrum of x to be the following subset of the complex plane:
o(x) = {A:x — Al is singular}
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Whenever it is desirable to express the fact that the spectrum of x depends on A as well
as x, we use the notation ag,4(x). It is easy to see that x — Al is a continuous function of Awith
values in A; and since the set of singular elements in A is closed, it follows at once that a(x) is
closed. We further observe that a(x) is a subset of the closed disc{x: |x| < ||x]||}, for if Aisa
complex number such that|A| = ||x||, then ||x/A]| < 1,[|1 — (1 — x/A)|| < 1,1 — x/Ais regular,

and therefore x — Al is regular.

Our first task is to establish the fact that o(x) is always non-empty, and for this we need
a few preliminary notions. The resolvent set of x, denoted by p(x), is the complement of o (x); it
is clearly an open subset of the complex plane which contains {z: |z| > ||z||}. The resolvent of

x is the function with values in A defined on p(x) by
x() =(x—-AD"1

-1
tells us that x(1) is a continuous function of A and the fact that x(1) = 11 G— 1) for A =

Oimplies that x(1) — 0 as A — oo. If A and  are both inp (x), then
x(A) = x(D)[x — ul]x(p)
=x(D[x—AI + (A — wIx(w)
=1+ @ - wWxD]x(@W
=x(w) + (4 — wx(Dx(w)
x() —x(w) = A - wWxDx(w

This relation is called the resolvent equation.
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Theorem 5.6 : o(x) is non-empty.
Proof.

Let f be a functional on A—that is, an element of the conjugate space A*—and define
£ byf(2) = f(x(1). It is clear that f(1) is a complex function which is defined and

continuous on the resolvent set p(x). The resolvent equation shows that

fQ) - fw

T = )

and it follows from this that

i f) - fw
im——————
Asu  A—u

= f(x(W?)

so f(A) has a derivative at each point of p(x). Further,

LF D < MIF Mlx DI
Sof (1) - 0 asA - oo,

We now assume that o (x) is empty, so that p(x) is the entire complex plane. Liouville’s
theorem from complex analysis allows us to conclude that (1) = Ofor all A. Since f is an

arbitrary functional on A4, implies that x(1) = 0 forall A.

This is impossible, for no inverse can equal 0, and therefore it cannot be true that o(x) is

empty.

If the reader is surprised by the appearance of Liouville’s theorem in such a context, he
should recall two facts. First, our proof is a special case of the above result, required the use of
the fundamental theorem of algebra. And second, the fundamental theorem of algebra is most
commonly proved as a simple consequence of Liouville’s theorem. It is therefore only to be
expected that some tool from analysis comparable in depth with Liouville’s theorem should be

necessary for the proof of Theorem A.
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Now that we know that o (x) is non-empty, we also know that it is a compact subspace of
the complex plane. The number r(x) defined by

r(x) = sup{|A]: 1 € a(x)}

is called the spectral radius of x. It is clear that0 < r(x) < ||x||. The concept of the

spectral radius will be useful in certain parts of our later work.

We recall that a division algebra is an algebra with identity in which each non-zero
element is regular. The most important single consequence of Theorem A is

Theorem 5.7 : If A is a division algebra, then it equals the set of all scalar multiples of the
identity.

Proof.

We must show that if x is an element of A, then x equals Al for some scalar A. Suppose,

on the contrary, that x # Al for every A.

Then x = Al # Ofor every A, x — Al is regular for every A, and therefore o(x) isempty.

This contradicts Theorem 5.6 and completes the proof.

The mapping AI — A is clearly an isometric isomorphism of the set of all scalar multiples

of the identity onto the Banach algebra C of all complex numbers.

We may therefore identify this set with C; and in terms of this identification, any Banach
algebra which is a division algebra equals C. This fact is the foundation on which we build the

structure theory presented in the next chapter.

It is obvious that C itself, which is the simplest of all Banach algebras, is a division
algebra, so Theorem 5.7 characterizes C as the only Banach algebra with this property. In the
next two theorems, we give some other interesting characterizations of C among all possible

Banach algebras.
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Since 0 is a divisor of zero, it is a topological divisor of zero in every Banach algebra. In

the Banach algebra C, 0 is plainly the only topological divisor of zero. Conversely, we have
Theorem 5.8 : If 0 is the only topological divisor of zero in A, then A=C.
Proof.

Let x be an element of A. Its spectrum a(x) is non-empty, so it has a boundary point A,

and x — Al is easily seen to be a boundary point of the set S of all singular elements.

By Theorem, x — Al is a topological divisor of zero, so it follows from our hypothesis
thatx — Al = 0 or x = Al.

The basic link between multiplication in A and the norm is given by the inequality

llxyll < llxIlllyll, and when A = C, this inequality can be reversed.
The following result shows to what extent this reversibility is true in general.

Theorem 5.9 : If the norm in A satisfies the inequality ||xy|| = K||x]|[||y|| for some positive
constant K, then A =C.

Proof.

In the light of Theorem, it suffices to observe that the hypothesis here implies that O is the

only topological divisor of zero.

We next look into the question of what happens to the spectrum of an element x in A

when A is enlarged.

Theorem 5.10 : If A is a Banach subalgebra of a Banach algebra A’, then the spectra of an
element xin A with respect to A and A’ are related as follows: (1) g, (x) S g,(x); (2) each

boundary point of g, (x) is also a boundary point of a,,(x).

Proof.
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If x — Al is singular in A’, then it is certainly singular in A, so (1) is clear. To prove (2),

we let A be a boundary point of g, (x).

It is easy to see that x — Al is a boundary point of the set of singular elements in A4, it is

a topological divisor of zero in A.

It is therefore a topological divisor of zero in A" as well, so it is singular in A’ and A is in
a4, (x). The fact that A is actually a boundary point of g, (x) is immediate from (1), so the proof

of (2) is complete.

This result shows that in general the spectrum of an element shrinks when its containing
Banach algebra is enlarged, and further, that since its boundary points cannot be lost in this
process, it must shrink by “hollowing out.” An illuminating example of this phenomenon is
provided by the disc algebra A of all complex functions which are defined and continuous on
D = {z:|z| < 1} and analytic in the interior of this set. If fis a function in A, then the maximum

modulus theorem from complex analysis implies that
If1l = sup {If(@)]:1z] < 1}

= sup {|f(2)|:|z] = 1}.

This allows us to identify A with the Banach algebra of all the restrictions of its functions
to the boundary of D, which is a Banach subalgebra of A’ = C({z: |z| = 1}). If we now consider
the element f in A defined by f(z) = z, then it is easy to see that ¢,(f) equals D and that
a4 (f)equals the boundary of D.
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5.5 THE FORMULA FOR THE SPECTRAL RADIUS

Let x be an element in our general Banach algebra A, and consider its spectral radius r(x),
which is defined by

r(x) = sup {|A]: 1 € g,(x)}.

Now let A’ be the Banach subalgebra of A generated by x, that is, the closure of the set of
all polynomials in x. Theorem 67-E shows that r(x) has the same value if it is computed with

respect to A”:
r(x) = sup (|AI: 2 € g, (0)}.

This suggests quite strongly that (x) depends only on the sequence of powers of x. The
formula for r(x) is given in Theorem A below, and our purpose in this section is to prove it. It is

convenient to begin with the following preliminary result.
Lemma:o(x™) = o(x)™
Proof.
Let A be a non-zero complex number and 44, 4,, ..., 4,,its distinct nth roots, so that
x® =AM = (x—A2,Dx—=2,1) ... (x = A,0)

The statement of the lemma follows easily from the fact that x™ — Al is singular < x —

A;1is singular for at least one i.

1
Theorem 5.11 : r(x) = lim||x™||~.
Proof.

Our lemma shows that r(x™) = r(x)", and since r(x™) < ||x™||, we have r(x)" <

1
[x|I™or r(x) < ||x™||= for every n. To conclude the proof, it suffices to show that if a is any real
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1
number such that r(x) < a, then ||x™||» < a for all but a finite number of n’s, and this we now

do.

If [A] = |[x]|, then

x(D) =(x—-AD"1

-1

-1

If £ is any functional on A, then (1) yields

) = - [r+ S s (j—)]

i (OEDY f(xm-n]

(1)

(2)

for all| 2| > ||x||. Therefore, f(x(A)) is an analytic function in the region |A| > r(x) and

since (2) is its Laurent expansion for |A| > ||x||, we know from complex analysis that this

expansion is valid for |A] > r(x). If we now let a be any real number such that r(x) < a <a,

then it follows from the preceding remark that the series Yo, f (x™/a™) converges, so its terms

form a bounded sequence.

Since this is true for every f in A*, this shows that the elementsx™/a™ form a bounded

sequence in A. Thus
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Ix™/a™| < K

1 1
or ||[x™|| < K»a for some positive constant K and every n. Since K»a < a for every

1
sufficiently large n, we have ||x™||» < a for all but a finite number of n’s, and the proof is

complete.
5.6 THE RADICAL AND SEMI-SIMPLICITY

Our final preliminary task is to reach a clear understanding of what is meant by the
statement that our Banach algebra A is semi-simple. For this, it is necessary to give an adequate

definition of the radical of A, and this in turn depends on a detailed analysis of its ideals.

We recall that an deal in A was defined in Sec. 45 to be a subset J with the following

three properties:
(2) I is a linear subspace of A;
(2)i € I = xi € I for every element x € A;
(3)i € I = ix € I for every element x € A.

If I is assumed only to satisfy conditions (1) and (2) [or conditions (1) and (3)], it is
called a left ideal (or a right ideal). Yor the sake of clarity and emphasis, an ideal in our previous
sense—one which satisfies all three of these conditions—is often called a two-sided ideal. In the

commutative case, of course, these three concepts coincide with one another.

The properties of the ideals in A are closely related to the properties of its regular and
singular elements. In our work so far, the statement that an element z in A is regular has meant
that there exists an element y such that xy = yx = 1. For our present purposes, it is useful to
refine this notion slightly, as follows. We say that x is left regular if there exists an element y
such that yx = 1; and if x is not left regular, it is called left singular. The terms right regular
and right singular are defined similarly. If x is both left regular and right regular, so that there

exist elements y and z such that yx = 1 and xz = 1, then the relation
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y =yl=y(zz) = (yx)z = lz=2z
shows that x is regular in the ordinary sense and that x™1 =y = z.

The concept of maximality for two-sided ideals was introduced in Sec. 41. By analogy,
we define a maximal left ideal in A to be a proper left ideal which is not properly contained in
any other proper left ideal. A straightforward application of Zorn’s lemma shows that any proper
left: ideal can be imbedded in a maximal left ideal; and since the zero ideal {0} is a proper left
ideal, maximal left ideals certainly exist. We now define the radical R of A to be the intersection
of all its maximal left ideals. It will be convenient to abbreviate this definition by writing R =n

MLI. R is clearly a proper left ideal.

These ideas can be formulated just as easily for right ideals as for left ideals, and there is
no reason for giving preference to either side over the other. The purpose of the following chain
of lemmas is to show that B is also the intersection of all the maximal right ideals in A, that is,
thatR =N MRI.

Lemma : If r is an element of R, then 1 — r is left regular.
Proof.
We assume that 1 — r is left singular, so that
L=A(l—r) = {x —xr:x € A}

is a proper left ideal which contains I —r. We next imbed L in a maximal left ideal 7,
which of course also contains I — r. Since r is in R, it is also in M, and therefore I = (I —r) +

risin M. This implies that M = A, which is a contradiction.
Lemma : If r is an element of R, then I — r is regular.
Proof.

By the lemma just proved, there exists an element s such that s(1 — r) = 1, so s is

right regular and s = 1 — (—s)r. The fact that R is a left ideal implies that (— s)r is in R along
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with r, and another application of the preceding lemma shows that 1 — (—s)r = s is left
regular. Since s is both left regular and right regular, it is regular with inverse I —r,so I —r is
also regular.

Lemma : If r is an element of R, then I — xr is regular for every x.
Proof.
R is a left ideal, so xr is in R and the statement follows from the lemma just proved.

Lemma : If r is an element of A with the property that I — xr is regular for every x, then r is in
R.

Proof.

We assume that r is not in R, so that r is not in some maxi- mal left ideal M. It is easy to
see that the set

M+Ar={m+zrm € M and x € A}
is a left ideal which contains both M andr,so M + Ar = Aand
m+xr=1

for some mand x. It now follows that 1 — zr = m is a regular element in M, and this is

impossible, for no proper ideal can contain any regular element.

The effect of these lemmas is to establish the equality of two sets:

NMLI = {r:1—xrisregular for every x} (1)

Precisely the same arguments, when applied to maximal right ideals, show that

NMRI = {r:1 —rxisregular for every x} ()
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We now prove that all four of these sets are the same by showing that the two sets on the

right of (1) and (2) are equal to one another. By sym- metry, it evidently suffices to prove the
Lemma : If I — xris regular, then I — rx is also regular.
Proof.
We assume that I — xr is regular with inverse
s=(—xr)t

This means, of course, that (1 — xr)s = s(1— xr) = 1. We leave it to the reader to

show, by a simple computation, that
I=1rx)T+rsx)=U+rsx)(I—1rx)=1

so that I — rxisregular with inverse 1 + rsx. (The formula for (1 — rz)~! is less
mysterious than it looks, as the reader can see by inspecting the meaningless but suggestive

expressions
s=U—-xr)t=1+xr+ (xr)*+--
and
I—rx)t=1+rx+ (O0x)?>+ (x)3+ -
=1+rx+rxrx +rxrxrx + -
=14+r(1+xr+xrxr+--)x
=1+rsx
We summarize our results in
Theorem 5.12 : The radical R of A equals each of the four sets in (1) and (2) and ts therefore a

proper two-sided ideal.
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A is said to be semi-simple if its radical equals the zero ideal {0}, that is, if each non-zero
element of A is outside of some maximal left ideal.

It will be observed that the ideas discussed above are purely algebraic in nature. They can

be applied not only to our Banach algebra A, but also to any algebra or ring with identity.

Our interest, however, is in A, notably, the fact that the set S of all singular elements in A
is closed.

We begin by noting that if J is any ideal in A (left, right, or two- sided), then by the joint
continuity of the algebraic operations, its closure [ is an ideal of the same kind. Next, since any
proper ideal is contained in the proper closed set S, the closure of any proper ideal is a proper
ideal of the same kind. It is an easy step from these facts to

Theorem 5.13 : Every maximal left ideal in A is closed.
Proof.

If any maximal left ideal L is not closed, then L is a proper subset of the proper left ideal

L; and this cannot happen, for it contradicts the maximality of L.
Taken together, the above two theorems yield.
Theorem 5.14 The radical R of A is a proper closed two-sided ideal.

Theorem 5.15 :If | is a proper closed two-sided ideal in A, then the quotient algebra A/Iis a

Banach algebra.
Proof.
We have, A/I is a non-trivial complex Banach space with respect to the norm defined by
llx + Il = inf{||lx + i||:i € I}
Further, A/I is clearly an algebra with identity 1 + I, and
1+ Il =inf{l1 +il:iel}< ||| =1
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The multiplicative inequality for the norm is easily proved as follows:
Ix + D&+ DIl = llxy + i
= inf{||lxy + i|:i € I}
<inf{ll(x + i) + i)l iy, i, €13
< inf{llx + i;|llly + i, |l: iy, i, € I}
< inf{||lx + i,|l:i; € I}inf{|ly + i,||: i, € I}
= llx + Illlly + 11l

All that remains is to show that [|1 + I|| = 1; and since we already have |[1 + || <1,
this is an immediate consequence of the fact that ||1 + I]| = ||(1 + D)?|| < ||1 + I]|? implies 1 <
11+ 1.

Theorem 5.16 A/R is a semi-simple Banach algebra.
Proof.

It suffices to observe that the natural homomorphism x - x + R of A onto A/R induces

a one-to-one correspondence between the maximal left ideals in A and those in A/R.
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